COMMUTATIVE ALGEBRA

OREN BECKER

This introductory set of notes is based on a 24-lecture Part III (master’s
level) course I taught at the University of Cambridge during Michaelmas terms
2022-2024, with some modifications. If you happen to spot any errors or have
suggestions, I'd be grateful if you reached out to me at oren.becker@gmail.com.

Some sections draw on the classic Introduction to Commutative Algebra
by Atiyah and Macdonald, and for the part on Tensor Products, I found
inspiration in two excellent sets of notes by Keith Conrad, available at:
https://kconrad.math.uconn.edu/blurbs/.
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1. A CONCISE REVIEW OF RINGS AND MODULES

Unless stated otherwise, we use the term ring for a commutative (i.e.
ab = ba) unital (i.e. 1 € A) ring A.

Nevertheless, here’s a important noncommutative ring: For an abelian
group M, let End M be the ring of group endomorphisms of M (i.e. group
homomorphisms M — M), with pointwise addition, and where the ring
multiplication is given by composition of functions.

Recall that a homomorphism R — S of unital rings is required to send
1p — 1g.

Definition 1.1. An R-module M (R a ring) is an abelian group (M, +)
together with a fixed ring homomorphism p: R — End M (called the structure
homomorphism).

For r € R and m € M, we write rm = (p(r))m. Then:

(1) r(m1+ma) = (p(r))(m1 +m2) = (p(r)m1)+ (p(r)mz2) = rmy+rmy
(since p(r): M — M is a group homomorphism)

(2) (r1+ro)m = p(r1 +r2)m = (p(r1) + p(r2))m = rim + rom
(since p: R — End M is a ring homomorphism)
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(3) etc.
Note:

(1) For a field k, a k-module is the same thing as a k-vector space.

(2) Every abelian group M has a unique structure of a Z-module (because
there is exactly one ring homomorphism Z — End M). So a Z-module
is the same as an abelian group.

(3) An R-submodule of an R-module M is an additive subgroup N C M
such that rN C N for all r € R.

(4) Every ring R is an R-module in a natural way (where p: R — End R
is given by p(r)r’ = rr’).

(5) For a subset S of an R-module M, the R-submodule of M generated
by S is the intersection of all R-submodules of M that contain S.
Equivalently, it is the set of sums of the form )" | r;z;, n > 0, 1; € R,
x; € S (these are called R-linear combinations of the elements of S
note that each such sum has finitely many terms).

(6) An ideal of the ring R is the same thing as an R-submodule of R.

For an ideal I of R, we can form the quotient ring R/I. As an abelian

group, this is just the group quotient R/I. The multiplication is given by

(r1+ I)(ro + I) = ryro+1 (note that the product set {(r1 + x1)(re + z2) | z1, 22 € I}
is contained in 7172 + I, but the inclusion might be proper, unlike the case

of a quotient group G/N, N <1 G, where the product set of g1 N and ¢gaN is

always equal to g1goV; it is true, however, that r1ro + I is the unique coset

of I that contains the product set above). Note that a subset I of R is an

ideal if and only if there is a ring S and a ring homomorphism R — S whose

kernel is 1.

2. CHAIN CONDITIONS

Definition 2.1. An R-module M is noetherian if one (hence both) of the
following conditions holds:

(1) Every ascending chain of submodules M; C My C ... of M stabilizes
(i.e., for some n > 1, M,y = M, for all n’ > n).

(2) Every nonempty set ¥ of submodules of M has a maximal element
(i.e., an element of ¥ not contained in any other element of X).

An R-module M is artinian if it satisfies (1) above, but with “ascending”

replaced by “descending” (i.e. M1 D Ms D ...). Equivalently, M is artinian
if it satisfies (2) above, but with “maximal” replaced by “minimal”.

The equivalence of the two conditions above is proved using the axiom
of choice (or some weak form of it). Noetherian modules have one more
equivalent characterization, which I personally prefer to use most of the time:
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Lemma 2.2. An R-module M is noetherian if and only if every submodule
of M 1is finitely generated.

In particular, every noetherian module is finitely generated. The converse is
false: Every ring R is finitely generated as an R-module (by the single element
1Rr), and in particular this is true for the polynomial ring R = Z[T1, 1>, .. .].
Let M be the submodule of R generated by T7,T5,... (consisting of all
polynomials with constant term 0). Any finite subset S of M is contained
in the submodule M/ = R-T, + ...+ R - T, for some ¢ > (0 because each
polynomial in S involves finitely many variables. But M’ (which is just the
submodule of R generated by T1,...,T;) does not contain Ty, 1, and thus S
does not generate M.

Definition 2.3. A ring R is noetherian (resp. artinian) if R, regarded as an
R-module, is noetherian (resp. artinian).

Equivalently, one may define a noetherian (resp. artinian) ring by taking
Definition 2.1, and replacing the word submodule by the word ideal.

Example 2.4.
(1) Z-modules:
(a) Z, as a Z-module, is noetherian, but not artinian.
(b) The Z-module Z[4|/Z is artinian, but not noetherian (this re-
quires some thought). Here Z[3] = {3% | a,m € Z}.
(2) Rings:
(a) Z, as a ring, is noetherian, but not artinian.
(b) Every artinian ring is noetherian. In fact, a ring R is artinian if
and only if R is noetherian of Krull dimension zero (see later).

Recall that another name for a homomorphism of R-modules is an R-linear
map.
Definition. Let R be a ring. A sequence

---—>Mi_1i>Miﬁ—+1>Mi+1—>---

of R-modules (M;);., and R-linear maps (f;: M;_1 — M;),c, is exact if
im f; = ker f;41 for all i € Z.
A short exact sequence (SES) is an exact sequence of the form:

0— N -5 M->3L—0

Remark 2.5. In a SES as above:
(1) The left and right maps are necessarily the zero maps.
(2) Thus ¢ is injective and p is surjective.
(3) Thus N =i(N) and L = M/i(N) as R-modules.
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Lemma 2.6. Let
O N—-M-—=L—0

be a short exact sequence of R-modules. Then M is noetherian (resp. artinian)
if and only if both N and L are noetherian (resp. artinian).

Corollary 2.7. If My and Ms are noetherian (resp. artinian) R-modules
then My @& My is noetherian (resp. artinian,).

Proof. Apply Lemma 2.6 to the SES:

(ml,mg)»—ﬂng
—>

0— M; mlﬂhm M & M, My — 0

O

Note that the corollary can be applied repeatedly a finite number of times
to deduce that My & ... ® M, is a noetherian (resp. artinian) R-module
whenever Mj, ..., M, are noetherian (resp. artinian).

Two observations:

(1) R-linear maps from R: For an R-linear map ¢: R — M we have
o(r) = p(r-1) =rp(l). So ¢(r) =rm for m = ¢(1). On the other
hand, r — rm/ is an R-linear map for all m’ € M.

(2) The universal property of the direct sum: For R-modules (M;),cr
(T any set), consider the direct sum @,. M; and the natural em-
beddings ps: My — @, M; (recall that each element of @, . M;
is zero in all but finitely many coordinates, by definition). Then for
any R-module N and R-linear maps ¢;: M; — N there is exactly
one homomorphism ¢: @,.p My — N such that ¢ o p; = ¢; for all
t € T. In other words, specifying an R-linear map @, My — N is
equivalent to specifying a collection of R-linear maps (M; — N),cp.

(3) Combining the two observations above, we see that R-linear maps
@©: R — M are exactly the maps of the form (ri,...,7¢)
Zle rym; for fixed myq, ..., my. If ¢ is surjective then M is finitely
generated (by ¢(1,0,...,0),...,¢(0,...,0,1)). Conversely, if N is an
R-module generated by finitely many elements ni,...,ni € N then
there is a surjective R-linear map R®* — N given by (ry,...,73) —
E?:l Tl
To summarize, a “finitely generated R-module” is the same as “an
R-module that admits a surjective R-linear map from R®* for some
integer ¢ > 07, i.e. “a quotient module of R®* for some integer £ > 0
(up to isomorphism)”.

(4) In general, an R-module isomorphic to R®S (i.e., the direct sum
of |S| copies of R, where S is finite or infinite) is called a free R-
module. By the discussion above, we see that it is easy to produce
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homomorphisms from a free R-module to any other R-module (just
choose a homomorphism for each coordinate).
Equivalently, an R-module M is free if it has a free basis (i.e., a
subset B C M such that every x € M is equal to Zle rizi, £ >0,
0#r; € R, z; € B in a unique way).

(5) For a field k, the theorem “every k-vector space has a basis” is
equivalent to “every k-module is free”. In particular, the k-module
EN (of all N-indexed tuples with entries in k) is isomorphic to k%%
for some set S (the proof that every vector space has a basis requires
some form of the axiom of choice, so the isomorphism kN = k99 is

somewhat mysterious).

Proposition 2.8. Let R be a noetherian (resp. artinian) ring. Then every
finitely generated R-module M is noetherian (resp. artinian).

Proof. By the observations above, M is a quotient of R®* for some ¢ > 1.
But R is a noetherian R-module, and so R®* is noetherian, and thus so is its
quotient M (and similarly for the artinian case). [l

In particular, a finitely generated module over a noetherian ring is noe-
therian!. A deeper (and still true) statement is Hilbert’s basis theorem (see
below): every finitely generated algebra over a noetherian ring is noetherian.
But what is an algebra?

Definition 2.9. An R-algebra is a ring A equipped with a fixed ring homo-
morphism p: R — A.
For r € R and z € A, we write rz := p(r)z.

So specifying an R-algebra is superficially similar to specifying an R-
module, with two major differences: We start with a ring A (rather than
a mere abelian group M), and then we fix a ring homomorphism R — A
(rather than R — End M).

So, every R-algebra is also an R-module: Take an R-algebra A, whose
structural homomorphism is p: R — A. Then the map R — End(R, +) given
by 7+ (z — p(r)z) is a ring homomorphism, making A into an R-module.

Note that every ring A is a Z-algebra in exactly one way (because there is
exactly one ring homomorphism 7Z — A).

It is sometimes notationally convenient to notice that p(r) = - 14 in the
notation of Definition 2.9 (Proof: p(r) = p(r)-14 =r-14). This allows us to
declutter the notation by not naming the ring homomorphism R — A when
taking about an algebra).

ISo7 a ring R is noetherian if and only if every submodule of every finitely generated
R-module is again finitely generated (check!)
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A subalgebra of an R-algebra A is a subring B C A such that rx € B for
all » € R and x € B. Note that is implies that B contains the image of R in
A (i.e. all elements of the form 7 -14). For a subset S of an R-algebra A,
the subalgebra B of A generated by S is the intersection of the subalgebras
of A that contain S. Equivalently B consists of all elements of the form
p(z1,...,xm), m >0, where p € R[T},...,T,] (i.e., p is a polynomial in the
variables T1, ..., T,, with coefficients in R) and x1,...,2, € S.

Example 2.10. Let k be a field and consider the polynomial ring A =
E[T1,...,Ty]. Then A is a k-algebra and a k-module (in the natural ways).
But A is a finitely generated k-algebra (generated by T1,...,T,,), but not a
finitely generated k-module (prove!).

A further clarification: Let A be an R-algebra and S a subset of A. Then
the R-submodule of A generated by S is the set of elements of the form
p(z1,...,2m), m >0, where p € R[T1,...,T,,] has degree 1 and no constant
term and 1, ..., %, € S (whereas the subalgebra generated by S consists of
elements of the same form, but with no restriction on the polynomial p).

Remark 2.11. First, recall that {0} is a ring (called the zero ring). It is the
only ring where 1 = 0 (prove!), and there is no ring homomorphism from
{0} to any nonzero ring. Now to the remark itself: For a k-algebra A # {0},
where k is a field, the structural ring homomorphism p: £k — A must send
1+ 1. Thus 1 ¢ kerp, and so ker p is an ideal of k that does not contain
1. But k has only two ideals: {0} and k. So ker p = {0}, i.e. p is injective.
In particular, a nonzero k-algebra contains a copy of k£ (embedded in A in a
particular way via p).

Definition 2.12. For R-algebras A and B, with structural homomorphisms
pa: R— Aand pp: R — B, an R-algebra homomorphism A — B is a ring
homomorphism ¢: A — B such that o ps = pp.

(so, an R-algebra homomorphism is a ring homomorphism between R-
algebras that sends r - 14 — 7 - 1p for each r € R).

Equivalently, ¢ is an R-algebra homomorphism if and only if ¢ is an R-
linear map such that ¢(14) = 15 and @(a1a2) = ¢(a1)p(az) for all aj,as € A
(check!).

Exercise 2.13. Some people wrongly say that a nonzero algebra over a field
k is just a “ring that contains k£”. Give them an example that shows that their
definition does not allow to capture the notion of a k-algebra homomorphism
as in Definition 2.12. Hint: Make C into a C-algebra in two different ways,
and then check if the identity map C — C is a C-algebra homomorphism,
where the domain and range and C-algebras in different ways.
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For a ring R, the polynomial R-algebra R[T7,...T,] has the following
universal property: For every R-algebra A and elements aqy,...,a, € A,
there is exactly one R-algebra homomorphism R[T},...,T,] — A that sends
T; — a; for all 1 < ¢ < n. This works even if there are infinitely many
variables (remember that each polynomial involves finitely many variables).
Thus, it is easy to produce homomorphisms from R[T},...,T,] to any other
R-algebra (which is similar to the way it is easy to produce homomorphisms
from a free R-module to any other R-module).

We say that an algebra A is noetherian (resp. artinian) if A, as a ring, is
noetherian (resp artinian).

Theorem 2.14 (Hilbert’s basis theorem). Every finitely generated algebra
over a noetherian ring is noetherian.

Proof. Let R be a noetherian ring. By the observations above, it suffices
to prove that the polynomial algebra R[T7,...,T,] is noetherian. Since
R[Ty,...,T,] = R[T1,...,T,-1][Ty], it suffices to show that the univariate
polynomial algebra R[T] is noetherian, and then proceed by induction.

Let a be an ideal of R[T]. For i > 0, write a(i) = {co | coT" + ... + ;T € a,co, ..

(this set consists exactly of the leading coefficients of all degree-i polynomials in
a, toegether with 0). Then a(z) C a(i + 1) and a(¢) is an ideal of B for all i > 0
(check!). Since R is noetherian, the sequence a(0) C a(1) C ... stabilizes, say,
a(m’) = a(m) for some m > 0 and all m’ > m, and each ideal a(i), i > 0, is
generated by some finite subset {7 1,...,r;p, } of R. By the definition of a(z),
there is fi ; € a such that f; ; = r; ;7% + {terms of degree < i in T'}. Let b
be the ideal of R[T] generated by the finite set {f;; |0 <i <m,1 < j <mn;}.
So b(i) = a(i) for all i > 0 (check!). We claim that a = b.

By construction, b C a. If a # b, take f € a\ b of least degree, and
denote i = deg f. Since b(i) = a(i), there is g € b such that deg(f — g) < 1,
and thus f — ¢ € b (by the minimality of i, and since f — g € a). Thus
f=(f—g)+ge€b, acontradiction. O

Remark 2.15. Tt is a completely general fact that if a finitely generated ideal
I of a ring A is generated by a subset S of A then there is a finite subset Sy
of S that generates I (prove!).

Now, take a field k. Take a subset S of k[T1,...,T,], generating an ideal
I. The set V of simultaneous zeros in k™ of the polynomials in .S is equal
to the set of simultaneous zeros in k™ of the polynomials in I (check!). But
I is finitely generated (by Hilbert’s basis theorem), and thus V' is also the
set of simultaneous zeros of some finite subset Sy of S. This means that if
we start from the empty set, and add to it the elements of S one by one,
we will see that the set of simultaneous zeros in k™ shrinks and shrinks, but
at a certain finite step it stabilizes (no longer shrinks). In particular, every

.,C,L'GR}
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infinite system of polynomial equations is equivalent to a finite subsystem of
polynomial equations.

Exercise 2.16. We have seen that every finitely generated module over a
noetherian (resp. artinian) ring is noetherian (resp. artinian). We have also
seen that every finitely generated algebra over a noetherian ring is noetherian.
But is every finitely generated algebra over an artinian ring artinian?

Remark 2.17 (Groebner bases). [ Non-examinable | Let k be a field and
consider the polynomial algebra k[T1, . .., T;]. For two monomials 77" - - - 79"
and Tfl ---T,?", we say that 77! - T >~ Tfl ~~T5” if o + - 4+ ap >
Bi+--+Bpor (ag+--4+a,=p+ 4B, but (aq,...,q,) is larger
than (B1, ..., Bn) lexicographically). Using >, we can talk about the leading
monomial of a polynomial f € k[T1,...,T,]. Now, for anideal I = (f1,..., f¢)
of k[T1,...,T,], one may consider two sets: A = LM(I), the set of leading
monomials elements of I, and B, the set of monomials divisible by the leading
monomial of at least one of fi,..., fp. Clearly B C A. If B = A, we say that
f1,---, fe is a Groebner basis of I (a notion invented by Buchberger). It is
a theorem that every ideal in k[T7,...,T},] has a finite Groebner basis, and
that every Groebner basis of I generates I. This is a more complicated way
to prove Hilbert’s basis theorem (for finitely generated algebras over a field),
but Groebner bases are useful on their own for making computations. There
is an algorithm (Buchberger’s algorithm) that takes a generating set for I as
input and generates a Groebner basis for I. Example applications: Given
ideals I = (f1,...,f¢) and J = (¢1,...,9k) of k[T1,...,T,], can you find a
generating set for I N J? What about determinng if a given h € k[T1,...,T},]
belongs to I?7 There are algorithms in terms of Groebner bases to solve these
problems (and many other computational problems in commutative algebra,
related to dimension, projections, and more). We don’t have time for this,
but much of the theory is quite elementary.

3. TENSOR PRODUCTS

Literature: There two sets of fantastic lecture notes on tensor products
on Keith Conrad’s website at https://kconrad.math.uconn.edu/blurbs/.
They cover more than is covered here. I've drawn inspiration from these
notes for some parts of the presentation in this chapter.

3.1. Tensor products of modules. Let M and N be R-modules. Infor-
mally, the tensor product M ®p N is an R-module consisting of all formal
sums Zle m; @ng, m; € M, n; € N, with the identifications:

(1) m@n; +m@ns =m® (ng + no).

(2) m@n+mo®@n=(m +ma)@n.


https://kconrad.math.uconn.edu/blurbs/
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(3) r(m®n) = (rm)@n=m® (rn) (r € R).
First note that 0@ n = 0(1 ® n) = 0, and similarly m ® 0 = 0 for all m € M
and n € N.

When the ring R is clear from the context, we shall write M ® N to mean
M KRR N.

Example 3.1.
(1) Consider Z/2 and Z/3 as Z-modules. In Z/2 ® Z/3 we have

a®b=(3a)®b=a® (3b) =0-(a®0)=0®0,

=a® 0
00
s0 Z/2 ® Z/3 must be the Z-module {0 ® 0}.
(2) Let k be a field, and consider two finite dimensional k-vector spaces

V, W. We shall see that dim; V @ W = dim (V') - dimy(W).

Recall that a map f: V x W — U, for R-modules V, W, U, is R-bilinear if
v f(v,wg): V— U and w — f(vg, w) are R-linear (i.e., homomorhpisms
of R-modules) for all vg € V', wg € W.

Definition 3.2. Let M, N be R-modules. Write F for the free R-modules
on M x N (ie. F = R®MxN) with basis {em | (m,n) € M x N}). The
tensor product of M and N is M ®r N = F /K, where K is the R-submodule
of F generated by the union of:

(1) {emmn, + €mmns — Emmi+ns | M € M, 01,02 € N}.
(2) {emin + €man — €mitmon | M1,m2 € M,n € N}.
(3) {remm —€rmn |7 € R,me MmneN}.

(4) {remmn —emmm |7 € R,me M,ne N}.

The image of e,,, € F in M ® N is denoted m ® n. We have an R-bilinear
map iygn: M X N = M ® N given by iyen(m,n) =m®n.

The elements of M ® N are sometimes called tensors, and the elements of
the form m ®n, m € M, n € N are called pure tensors. By construction, we
see that the pure tensors generate M ® N. But not every element of M & N
is pure (in general).

Note: The pure tensors certainly generate M ®p N as an R-module
by construction. So every x € M ®pr N can be written in the form =z =
Zle ri(m; @ n;) = Zle(rimi) ®n; (r; € R, m; € M, n; € N). So the pure
tensors generate M ®pr N even as a Z-module (i.e. as an abelian group).

Proposition 3.3 (The universal property of a tensor product). For R-
modules M and N, the pair (M ® N,iygn) satisfies the following universal
property: For every R-module L and R-bilinear map f: M x N — L, there
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is exactly one R-linear map h: M @ N — L such that f = hoiygn, i.e. the
following diagram commutes:

IMQN

M x N M&® N

f I
=11
\ '

L

Proof. Write {€mn | (m,n) € M x N} for the standard basis of F = RPM*N,
Take an R-bilinear f: M x N — L. The condition f = hoiprgy is equivalent
to h(m®mn) = f(m,n) for all (m,n) € M x N. Thus there is at most
one such h since {m®n |m € M,n € N} generates M ® N. But such h
really does exist because, for K as in Definition 3.2, the map R®M*N) 5 [,
extending the law e, , — f(m,n) vanishes on all of the generators of K since
f is R-bilinear, and thus this law vanishes on K, and thus factors through
M ® N to give h: M ® N — L as required. ([

I like thinking of the universal property of the tensor product in challenge-
solution terminology: You challenge M ® N with some R-blinear map f: M X
N — L and you are guaranteed a unique solution h: M @ N — L to the
equation f = hoiygn (where h is an R-linear map).

Remark 3.4. The universal property of the tensor product of R-modules
M, N can also been seen as a bijection between sets for every R-module C:

Biling(M x N,L) = Homgr(M ®r N, L) .

The LHS is the set of R-bilinear maps M x N — L, the RHS is the set
of R-linear maps M ®r N — L, and the bijection takes a bilinear map
f: M x N — L to the unique R-linear map h: M ®r N — L such that
f=hoiyen, ie. f(m,n)=h(m®&n) for all (m,n) € M x N.

Proposition 3.5. For R-modules M, N, if a pair (T,j), T an R-module
and j: M x N — T an R-bilinear map, satisfies the universal property from
Proposition 3.3, then there is exactly one R-module isomorphism ¢: M QN —
T such that g o iprgn = J (in particular, M @ N = T as R-modules by the
isomorphism sending m @ n — j(m,n)).

Proof. Challenge M @& N with the R-bilinear map j: M x N — T to obtain
the solution ¢: M ® N — T such that j = poiygn.

Now challenge 71" with the R-bilinear map tyygn: M X N - M ® N to
obtain the solution ¥: T'— M ® N such that ip;en =¥ 0 j.

Consider the composite map 1) o . Then (¢ o ) oiygn =1 0j =ipmeN-
In other words, pop: M ® N — M ® N is a solution when challenging
M ® N with the R-bilinear map ipjon: M X N - M & N.
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But the identity map idy/gn is also a solution to the same challenge. So
by the uniquness of the solution, ¥ o ¢ = idygn-

Similarly, ¢ o9 = idp. Thus ¢ and ¢ are isomorphisms. The uniqueness
of ¢ (among R-linear maps such that ¢ oipgn = j) is clear (why?) O

To prove that an element Zle m; ® n; of a tensor product M ® N is
equal to 0 we can try to play with the bilinearity relations (see the example
above with Z/2®7Z/3). The following proposition also shows us how to prove
that an element of M ® N is not zero by constructing a single incriminating
R-bilinear map.

Proposition 3.6. Let M, N be R-modules. Then Zle m;®n; =0 i MN
if and only for every R-module L and R-bilinear map f: M x N — L we

have Zle f(mi,n;) =0.

Proof. Assume that Zle m; @n; =0. Let f: M x N — L be an R-bilinear
map, L an R-module. Then f = hoip;gn for some R-linear map h: MQN —
L, and so S0, f(mi,ni) = S0 h(m; @ ny) = h(zf:1 m; ® n) = h(0) =
0.

Now, assume that Zle m;@n; # 0. Then Zle ivenN(mi,ng) = Zle m;®
n; 7é 0. O

Example 3.7. For R-modules M and N, M ® N is generated (as an R-
module) by the pure tensors {m ®n | (m,n) € M x N}. If M (resp. N) is
generated as an R-module by a subset S C M (resp. T C N) then M ® N is
generated by {s®1t | (s,t) € S x T'}.

Take a field & and m,n > 0. Write {e1,...,en} and {f1,..., fn} for the
standard bases of k™ and k", respectively. By the preceding paragraph,
k™ ® k™ is spanned (over k) by B = {e; ® f;}, ;. In fact, B is a basis for
k™ @ k™ (over k). Indeed, assume that 31", 377 ayi(e; @ fj) =0, aij € k.
Consider projection maps m,: k™ — k and py: k™ — k from the a-th and
b-th coordinates (respectively). Then T': k™ x k™ — k given by T'(v,w) =
Ta(v)pp(w) is a k-bilinear map. By Lemma 3.6, 331", 377 T(aije;, f;) = 0.
But the LHS is equal to agyp, which proves that B is k-linearly independent.
So k™ @y k™ = k™", The same reasoning shows that R™ ®r R™ = R™" for
any ring. In fact, the same reasoning shows that for all (possibly infinite) sets
I,J, the R-module R¥ @ R®’ is free with basis {e; @ e; |i € I,j € J}.

Now take R? ®g R? for example. This tensor product contains infinitely
many pure tensors (these are all elements of the form v ® w, v,w € R?, by
definition). Some sums in R? ® R? are equal to pure tensors even if they
don’t seem so at first:

3(e1 ®e1) +4(e1 ®ez) + 6(ex @ e1) + 8(ex ® e3)
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is in fact pure since it is equal to
(61 + 262) & (361 + 462) .

But some (most, in some senses) elements of R? ® R? are not pure. The
basis {e; ® e;}, ; of R? ® R? will be helpful in order to show that. Every pure
tensor is of the form («, 3,7,0 € R):

(aer + Beg) ® (ver + dez)

and thus has the special form:

(ay)(e1 ®@e1) + (ad)(e1 @ e2) + (By)(e2 @ e1) + (B6)(e2 ® e2)

(notice that (ary,ad) and (B, 59) are linearly dependent). So, for example,
the following tensor is not pure in R? @ R?:

l-(e1®e1)+2 - (e1®e2)+3-(e2®e1)+4- (e2 ®e2)

(you will be asked to think about this more generally and thoroughly in the
example sheet).

Example 3.8 (Warning). Consider the Z-modules Z and Z/27Z, and the
submodule 27Z of Z. In Z®y,Z /27, we have 2® (1 4+ 2Z) = 2(1 ® (1 + 2Z)) =
1® (2+2Z) = 0.

This computation is invalid in (2Z) ®z Z/2Z. In fact, in this tensor
product, we have 2 ® (1 + 2Z) # 0. To see this, define a Z-bilinear map
b: 2Z X )27 — Z/27Z by b(2x,y + 2Z) = xy + 27Z (check bilinearity!). Then
b(2,1+27Z) #0, and so 2® (1 + 2Z) # 0.

So, the notation 2 ® (1 + 2Z) is somewhat misleading. We must remember

which tensor product we are working in! And it’s wrong to naively view
(2Z) ®7 727 as a submodule of Z ®yz Z /27 (for the same reason).

Remark 3.9. The other direction does work: if M’ and N’ are submodules of
M and N (respectively) and > m; ®n; =0in M’ ® N’ then > m; ®n; =0
also in M ® N (prove!).

Proposition 3.10. Assume that Zle m;®n; =0 i M N. Then there
are finitely generated R-modules M’ C M and N’ C N such that the same
expression Zle m; @ n; =0 is true in M’ @ N'.

Proof. In the notation of Definition 3.2, we have Zle em;n; € K and thus

l n
(3.1) > emim =D ki
i=1 j=1

where {em,n}(m n)EM XN is the standard basis of F = R®M*N) and each k;
is one of the generators of K as listed in Definition 3.2. The expressions for
the k;, as in Definition 3.2, involve finitely many elements m/, ..., m/. € M on
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the left sides of the pure tensors, and finitely many elements n,...,n, € N
on the right sides. Thus, (3.1) holds when interpreted in R®M™>N") “and so,
construction M’ ®gr N’ as in Definition 3.2 the desired conclusion follows. [J

Corollary 3.11. Let A and B be torsion-free abelian groups®. Then A ®z B
s a torsion-free abelian group.

Proof. Assume that 1

l
(3.2) nZaﬂXJbi:O
i=1

in A®z B (n € N). By Proposition 3.10 there are finitely generated subgroups
A" of A and B’ of B such that (3.2) holds if interpretted in A’ ® B’. But A’
and B’ are torsion-free finitely generated abelian groups, and thus A’ = Z*
and B’ = Z! for some k,¢ > 0. Thus A’ @y B’ = Z* is torsion free, and so

¢
(3.3) Y ai®bi =0
=1

when interpretted in A’ ®7 B’. But then (3.3) also holds in A ® B (this
direction always works, going from being zero in the tensor product of the
submodules to that of the modules - think about it!). Thus A ®z B is torsion
free. O

Another thing to note is how the base ring can affect the tensor product.
For example, consider the tensors products C? ®g C? and C? ®@¢ C? (where C"
is viewed as an R-module in the natural way). First, C? ®c C? = C5 as we've
seen (which is 12-dimensional over R). But C2®@g C? = R*®@R® =2 R?*. This
makes sense: We expect C? @r C3? to be larger than C? ®¢ C? because R is
smaller than C, and so we are making fewer identifications in C?> ®g C3?, e.g. in
C?®@¢c C? we have (2i,3i)®(4,5,6) =i((2,3) ® (4,5,6)) = ((2,3) ®i(4,5,6)),
but this is wrong in C? ®g C3, where we are only allowed to move real scalars
around.

Proposition 3.12. Let M,N,P be R-modules. Then there are natural
isomorphisms (stated in parentheses only for pure tensors, but remember that
in general not all tensors are pure):
(1) Commutativity: M ®r N — N @ M
(m®n+—n®m)
(2) Associativity: (M @r N)QrP — Mp®@(N @ P) - MQrN®RP
(where the rightmost term is defined using R-trilinear maps).
(m@n)@p—»meMmep) »menep)

2Recall that an abelian group A is torsion free if na # 0 forall0 #n € Zand 0 # a € A.
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(3) Distributivity: (P, M;) @r P — @,(M; ®g P).
((mi); @ p = (mi © p);)

(4) Identity element: R@r M — M
(r @ m v rm)

(5) Quotients: For submodules M' € M, N' C N,(M/M")@r(N/N') —
(M ®gr N)/L, where L is the R-submodule of M @r N generated by
{m'@n|(m' n)e M x N}U{m&n'|(m,n)e Mx N}
(m+M)® (n+N')—-men+L)

Proof. This will be in the example sheet. Here we just show the distributivity.
One way to proceed would be to show that €, ;(M; ® P) satisfies the
universal property of (@le 7 Mz) ® P, and the use Proposition 3.5. We will
proceed in another way.

Define an R-bilinear map (,;c; M;) x P — @,;(M; ® P) by letting
((mi)iel,p) = (m; ®p);c;- This bilinear map gives rise, by the univer-
sal property of (®iel MZ) ® P, to an R-linear map ¢: (®iel MZ) ® P —
P, (M; ® P) given on pure tensors by

@((mi)ie_f ®p) = (m; ®p)iel :

In the other direction, for each ¢, define a bilinear map M; x P — (®ze I Ml) ®
P by letting (m,p) — e;(m) ® p (here we write e;(m) € @,; M; for the
element with m in the i-th entry and 0 elsewhere). By the universal property
of M; ® P, this bilinear map gives rise to an R-linear map ¢;: M; ® P —
(@iel MZ) ® P given on pure tensors by

Yi(m @ p) — (ei(m)) @p .

Now we use the universal property of the direct sum that says that we
can gather all of the 1; into one homomorphism ¢: @, ;(M; ® P) —
(®iel Mz) ® P satisftying

¢((m1 ®p)z‘61) = (mi)ie[ p -

Finally, we have

(Yo @)((mi)igj ®P) = @Z)((mz ®p)i61) = (mi)ieI Qp .

Since the pure tensors (m;),c; @ p generate (€D,; M;) ® P as an R-module,

this means that 1 o ¢ = id(@ In the other direction, we have

i€l Mi)®P'
(o)) ((mi @p)icr) = o((Ma)icr @ p) = (i @ p)ses -

But elements of the form (m; ® p); (i.e. elements of @), ;(M; ® P) which
are pure tensors in each coordinate) generate @, ;(M; ® P). Thus ¢ and
are isomorphisms of R-modules. (|
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Remark 3.13. Note that the distributivity property above implies immediately

that for a field k, K © k" = (@21, k) @ (Brcjem k) = Dy | kO k| =

=
k™™ as we’ve seen earlier k®@k = k follows from the Identity Element property

in Proposition 3.12). This shows that R” ® R™ = R™" for any ring R (and
in fact, so does our previous proof of k" @ k™ = k™M),

Remark 3.14. From the Quotient property in Proposition 3.12, for ideals I
and J of R, we have

R/I®rR/J=R/(I+.J)

via an R-module isomorphism sending (r1 + 1) ® (rg + J) — rire + (I + J).
The isomorphism in the other direction is given by r+ (I + J) — (r + 1) ®
(r 4+ J). Thus, the kernel of the map R — R/IQgrR/J,r —r(1+1)® (1 +J))
is I 4+ J. Compare this to the kernel of R — R/I x R/J, which is INJ. In
general there is no description of the product ideal IJ of R in terms of a
kernel of a nice map (recall that I.J is the ideal of R generated by the set of
all elements of the form zy, x € I, y € J).

3.1.1. Tensor products of R-linear maps. The following proposition serves as
the definition of the tensor product f ® g of R-linear maps f and g.

Proposition 3.15. For R-linear maps f: M — M’ and g: N — N’ there is
exactly one R-linear map (f ® g): M @ N — M' ® N’ such that

(feg)(men)=f(m)®g(n) V(m,n) € M x N

Proof. 1f such a homomorphism exists then it is unique because the pure
tensors generate M ® N as an R-module. To prove the existence, consider
the R-bilinear map b: M x N — M’ ® N’ given by b(m,n) = f(m) ® g(n)
(check that this is an R-bilinear map!). By the universal property of M ® N
we obtain an R-linear map M ® N — M’ ® N’ as desired. O

Exercise 3.16. Show that (f ® g)o(h®i) = (foh)® (goi) for R-linear

maps M; L) Ms i) Ms and Ny — Ny 4, N3 (check by evaluating on
pure tensors).

Example 3.17 (Kronecker Product). Let T: k% — k® and S: k¢ — k¢ be
k-linear maps (k a field). To simplify the notation, write e; (resp. f;) for the
vector with 1 on the i-th coordinate and 0 elsewhere in k% or k¢ (resp. k°
or k%). Write [T] and [S] for the matrices representing T and S w.r.t. these
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standard bases. Then

(T'® S)(e; ®ej) = (Te;) ® (Se;j)

() )

:Z t] f€®ft
L.t

Now order the k-basis {e; @ e} of k* ® k¢ as follows: e1 ®eq,...,e1®e., e2®
€1,...,62 ® €c,...q @ e. and similarly for the basis {f; ® f;} of k¢ ® k<.
Representing T' ® S according to these ordered bases we have a block matrix
representation:

[T® S] = € Mbdxac(k) .
[TTpulST - [TTpalS]

The resulting matrix is called the Kronecker product of the matrices [T and

[5].

Proposition 3.18. Let f: M — M' and g: N — N’ be R-linear maps.
Then

(1) If f and g are R-module isomorphisms then so is f ® g.
(2) If f and g are surjective then so is f ® g.

Proof. (1) In this case f~! ® g~ ! is a two-sided inverse for f ® g and an
R-linear map.

(2) The image of f ® g is an R-submodule of M’ ® N’, and so it suffices
to show that this image contains every pure tensor of M’ ®pr N’, but this is
clear. O

What about injectivity?

Example 3.19. Consider the function f: Z — Z such that f(z) = pz, and
the identity map id: Z/pZ — 7Z/pZ. Both are injective Z-linear maps. But

(fid)(a®b) = (pa)@b=a® | pb | =0,
g

that is, f ®id: Z ®y (Z/pZ) — 7Z Ry (Z/pZ) is the zero map, which is not

~7./pZ ~7./pZ
injective.
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3.2. Tensor products of algebras. Let B,C be algebras over a ring R.
Considering B, C' as R-modules, we can construct the module B® C'. We can
make the module B® C' into a ring by defining (b ® ¢)(V @ /) = (bV') @ (ec’),
and extending R-linearly. Since there can be more than one way to write
a tensor as a sum of pure tensors, we must show that this is indeed well
defined.

(1) The multiplication map on B ®@p C:

(a) We have an R-linear isomorphism f: (B®C)® (B®C) —
(B® B)® (C®C(C) given by (b ® ¢1) ® (by ® c2) — (b1 @ by) ®
(c1 ® c2).

(b) We also have the multiplication maps Bx B — B and CxC — C,
sending (b1, b2) — bibe and (c1,¢2) — crca.

(c) Both are R-bilinear, and so give rise to R-linear maps mp: B ®
B — B and mg: C ® C — C, given on pure tensors by
mB(b1 &® b2) = b1by and mc(q &® CQ) = C1C9.

(d) So, we have an R-bilinear map (B® B) x (C®(C) - B® C
satisfying (bl R by, c1 ® 02) — bi1by ® ciea.

(e) This gives rise to an R-linear map g: (B ® B)®(C @ C') - BeC
satisfying (bl ® bg) ® (Cl ® CQ) — b1by ® ciea.

(f) The composite map gof: (B® C)®(B ® C) — BRC'is R-linear
and satisfies (by ® ¢1) ® (be ® c2) — b1be ® cico.

(g) This gives rise to an R-bilinear map m: (B® C) x (B® C) —
B ® C satifying (b1 ® c1,b2 @ ¢2) — bibs @ ¢1ca.

(h) This m is our multiplication map.

(i) This multiplication is distributive since m is bilinear. Verifying
the rest of the ring axioms is left to the reader.

(2) Making B ®g C into an R-algebra:

(a) B®C is a B-algebra via the ring homomorphism b — b®1: B —
B®C.

(b) B®C'is a C-algebra via the ring homomorphism ¢ — 1®c: B —
B®C.

(c) Since B and C' are R-algebras, we have their structure ring
homomorphisms R — B and R — C.

(d) Overall, we obtain to ring homomorphisms R — BRC: r — r®1
andr—1®r.

(e) They are identical: r®@ 1 =7r(1®1) =1 r.

(f) So, B®C' is an R-algebra via the ring homomorphism R — B®C
sending 7 — r(1 ® 1). Note that in general r(1 ® 1) is equal to
both r ® 1 and 1 ® r, but not to r ® r.
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Warning: There seems to a mistake in Atiyah-Macdonald regarding how to
make the ring B @ C into an R-algebra.

Lemma 3.20 (Upgrading an R-linear map to a R-algebra homomorphism).
Let f: A — B be an R-linear map between R-algebras, R a ring. Let S C A be
a set generating A as an R-module. Assume that f(14) = 1p and f(ajaz) =
f(a1)f(a2) for all ay,as € S. Then f is an R-algebra homomorphism.

Proof. The map f is additive and f(14) = 1p. Also, f(r-14) =7 f(la) =
r - 1p since f is R-linear. It remains to show that f is multiplicative:

f [Z riai] . Z ey = Z rir;-f(aia;)
i=1 Jj=1 V]
= Z rir;f(ai)f(a;)
1,J

_ [Z f@)] S (a)

@ J

()|
i J
forn >0, ry,7; € R, aj,a} € S. O

Now, if A and B are R-algebras, generated as R-modules by S4 and Sp re-
spectively, then AQpB is generated as an R-moduleby {a ® b | a € Sa,b € S}
(this is just a subset of the set of pure tensors, but it already generates).
Thus:

Corollary 3.21. Let A, B and C be R-algebras (R a ring). Let Sy and
Sp be generating sets for A and B, respectively, as R-modules. Let f: A Qg
B — C be an R-linear map such that f(ajaz ® biby) = f(a1 ® b1) f(ag ® by)
for all ay,a2 € Sq and by,by € Sp, and f(la®1p) = 1c. Then f is a
homomorphism of R-algebras.

Example 3.22. Consider the R-algebras R[X1,...,X,] and R[T},...,T;]
(polynomial algebras over R). We wish to find an R-algebra isomorphism

©: R[Xl,,Xn] ®RR[T1,...,TT] ;R[Xl,...,Xn,Tl,...,TT] .

As R-modules, both sides are free with a R-free basis of cardinality Ny.
So they are isomorphic in many ways as R-modules, but we wish to have
an R-algebra isomorphism. We know that the LHS has the following free
basis over R: the set of all pure tensors a ® b where a € R[X,...,X,] and
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b € R[T},...,T,] are monomials®>. So we have an R-module isomorphism
¢ given on this basis by ¢(a ® b) = ab (check that it sends an R-basis to
an R-basis). We have (1 ® 1) = 1. For monomials a1, a2 € R[X1,..., X,]
and bl, b2 S R[Tl, e ,TT], we have go(alag & blbg) = (11&2()11)2 == a1b1a2b2 ==
(a1 ® by)p(az ® by). So ¢ is an R-algebra isomorphism by the corollary (see
also Example 3.26 below, where this is done in a different way).

Now, let’s take ideals I and J of R[Xy,...,X,] and R[T1,...,T},], respec-
tively. Using the Quotients part of Proposition 3.12, we have an R-linear
isomorphism

R[X1,..., Xy)/I®rR[TY, ..., T,|/J = (R[X1,..., Xn) ®r R[T1, ..., T])/L ,
where L is the submodule generated by
{p@qlpel,qeR[T,....T;][}U{g®h|ge R[X:,...,Xp],h € J} .

Under the isomorphism ¢ from the previous paragraph, L is mapped onto
the ideal I¢ + J¢ of R[Xy,..., Xy, T1,...,T;] (where I¢ is the extension
of I to R[X1,..., Xy, Th,...,T,], i.e. the ideal of R[X;,..., X, T1,...,T}]
generated by I). Thus,

R[X1,..., X,/ I®rR[TY,...,T})/J 2 R[X1,..., X, T4,..., T, (I¢ + J°) .

For example,
CIX,Y, Z)/(f,9) @ CW,U]/(h) = C[X,Y, Z,W,U]/(f,9,h)

as C-algebras, by an isomorphism sending a pure tensor (p + (f, g))®(q + (h))
to pg + (f, g, ).
Remark 3.23. | non-examinable | In algebraic geometry, the calculation
above shows that the product variety V' (f, g) x V(h) (over SpecC) is isomor-
—_———
CcAd CcAZ
phic to V(f, g,h). The tensor product of algebras helps us understand what
———

CAZ
topology (and further structure) to put on a product of varieties (or schemes).

As we've seen before, for R-algebras A and B, we have ring homomorphisms
in: A— A®rBandip: B — A®grB givenbyis(a) = a®1 and ig(h) = 1®b.
Now:

Proposition 3.24 (The universal property of the tensor product of algebras).
Let A, B be R-algebras. Then:

3In these notes, a monomial is a product of powers of the variables, without a scalar
coefficient. To refer to a product of a scalar and a monomial we shall use the term term.
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(1) For every R-algebra C and R-algebra homomorphisms fi: A — C and
fo: B — C there is exactly one R-algebra homomorphism h: A Qg
B — C such that fy =hois and fo = hoip.

(2) For every triplet (Q,ja,jB) of R-algebra Q and R-algebra homo-
morphisms ja: A — Q and jp: B — Q that satisfies the universal
property of (A®pg B,ia,ip) as in (1), there is exactly one R-algebra
homomorphism ¢: AQrB — Q such that j4 = poia and jp = poip.

Proof. (1) Take C, f1 and fy as in the statement. The uniqueness of h
as in the statement follows from the fact that A ® g B is generated as an
R-algebra by {a®1|ae€ A} U{1®b|be B}. Regarding the existence of
h: Define an R-bilinear map A x B — C sending (a,b) — fi(a)f2(b). By
the universal property of A ®z B as an R-module there is an R-linear map
h: A®r B — C such that h(a ® b) = fi(a)f2(b). Clearly fi = hois and
fo = hoip. It remains to show that h is an R-algebra homomorphism. First,

h| 1agzs | = 1c. Second, for a1,as € A and by,b2 € B, we have
———

=1a®1p

h(aiaz @ bib2) = fi(araz) f2(b1bz)
= [fi(a1) f2(b1)] - [f1(az2) f2(b2)]
= h(al X bl)h(ag X bz)

and thus h is an R-algebra homomorphism by Corollary 3.21, applied with
Sa = A and Sp = B (we're taking the entire modules as the generating sets).
(2) Left to the reader. O

Remark 3.25. | non-examinable | In category-theoretic terms, Proposition
3.24 says that the category of R-algebras has coproducts, and that they
are given by tensor products. Being a coproduct just means satisfying the
universal property as in Proposition 3.24. Some coproducts in other categories:
In the category of sets the coproduct is the disjoint union, in groups it is the
free product, in R-modules it is the direct sum.

Example 3.26. We reanalyze Example 3.22. We can show that there is an
R-algebra isomorphism

p: R[Xl,...,Xn] ®RR[T1,...,TT] ;R[Xl,...,Xn,Tl,...,Tr]

by showing that the RHS is the coproduct of R[X1, ..., X,] and R[TY,...,T;]
(and then invoking Proposition 3.24(2)). First we define R-algebra homomor-
phisms

ja: R[X1,..., X, = R[Xy,..., X, T1,...,T}]
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and

JiB: R[Tl,...,TT] — R[Xl,. ey X, T, ;Tr]
in the natural ways. Now take R-algebra homomorphisms f1: R[X1,..., X,] —
C and fy: R[Th,...,T,] — C for some R-algebra C. For an R-algebra homo-
morphism

h: R[X1,...,XpTh,....T,] > C |

satisfying f1 = hoj4 and fo = hojp is equivalent to satisfying h(X;) = f1(X;)
and h(T;) = fo(Tj). There is exactly one such h by the universal property
of the polynomial algebra R[X,...,X,,T1,...,T,]. This shows that ¢ as
desired exists by Proposition 3.24(2), and also that ¢(p ® q) = pg (notice
how this proposition not only tells us that there is an isomorphism, but also
gives us the formula for it on pure tensors). The isomorphism

R[X1,..., X/l @R R[Ty,...,T))J S RIX1,..., X0, Th, ..., T,] /(I + J°)

can be constructed in a similar way.
Some further properties (easy to prove):

(1) If f: A— A’ and g: B — B’ are R-algebra homomorphisms then so
is f®g: A® B— A’ ® A (we saw that it is an R-linear map).

(2) Many of our R-linear maps are R-algebra homomorphisms (By Corol-
lary 3.21, it suffices to check that 1 — 1 and to check multiplicativity
on a set of R-module generators):

(a) R/II®r R/J = R/(I+J).

(b) A®r B= B®p A.

(¢c) AQr(Bx(C)= (A®grB) x (Aog C).
(and thus also A ®@r B =~ (A®pr B)".

(d) (A®r B)®rC = AR (B®gC).

3.3. Restriction and extension of scalars.

3.3.1. Modules: Restriction and extension of scalars. Let f: R — S be a
ring homomorphism, and let M be an S-module. Then M is an R-module
via the action rm = f(r)m for all r € R, m € M (in other words, if
p: S — End M is the structural homomorphism of M as an S-module, we let
po f: R— End M be the structural homomorphism of M as an R-module).
Making an S-module into an R-module is this way is called restriction of
scalars. Example: For the usual embedding f: R — C and the C-module C",
we obtain the R-module R?" by restriction of scalars.

In the other direction, we have extension of scalars: Keep the ring homo-
morphism f: R — S. Take an S-module M and an R-module N. Then M
is also an R-module (by restriction of scalars via f), and so we may form
the tensor product M ®pr N. We shall now give M ®p N the structure of an
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S-module. In many situations one takes M = S and considers S ®r N, but
we shall require the more general setting.
The S-module structure on M ®p N is given on pure tensors by

sim®n)=(sm)®n Vse€S meM neN.

We need to check that this is indeed well defined and makes M ®g N into
an S-module:

(1) Fix s € S. We have an R-bilinear map M x N — M ®r N given
by (m,n) — (sm) ® n. By the universal property of M ®@p N, this
bilinear map gives rise to an R-linear map hs: M Qg N - M Qr N
satisfying hs(m ®@n) = (sm)®@n for all s € S, m € M, n € N.

(2) Define a function ¢: S — End(M ®p N) by setting ¢(s) = hs. Here,
as usual, End(M ®g N) stands for the ring of endomorphisms of
M ®pr N as an abelian group (hs is an R-module endomorphism, so
certainly also a Z-module endomorphism). It remains to show that ¢
is a ring homomorphism, but this is clear (check!).

Example 3.27.

(1) We already know the R-module isomorphism S @z R —— S given by
s®@r > sr. It is in fact an S-module isomorphism since s'(s ® 1) =
(s's) @7+ (s's)r = s'(sr). In particular C®g R — C as C-modules.

(2) For an S-module M and R-modules N;, ¢ € I, we know an R-module
isomorphism M ®r @,c; Ni = P;c;(M @ N;). Again it can be
easily verified that this is an S-module isomorphism. In particular,
C ®@r R®* =5 C" as C-modules.

(3) Restrict and then extend: Take the C-module C". Restrict scalars
to R and obtain R?". Extend scalars to C and obtain C®g R?" = C2.

(4) Extend and then restrict: Take the R-module R™. Extend scalars
to C and obtain C @z R™ = C". Restrict scalars to R and obtain R?".

(5) Take the Z-module Z"™. Extend scalar to Z/nZ and obtain (Z/nZ) ®z
Z™ = (Z/nZ)" (this is a perfectly valid extension of scalars, even if
it’s not what the common people associate with the word extension).

The extensions in the example above are all of the form S ®p IV for some
R-module N (and an ambient ring homomorphism f: R — S), where we
sought to understand the S-module structure of S ®p N. Here’s an example
of the form M ®gr N where M is an S-module different from S: What is the
C-module structure on C" @g R’ (i.e. is there a nicer expression for this?).
First, we have an R-module isomorphism

cn QR RZ ~ RZn QR RZ ~ Cnl
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where the second isomorphism follows from the equality of dimensions over
R. Now, surely we can guess how to choose the isomorphism such that
C" @g RY = C™ becomes a C-module isomorphism (and then verify that
it is indeed one). But, instead, we shall use the following proposition. It
says, in particular, that if we’re going to tensor R with the C-module C™
(necessarily tensoring over R) to obtain a C-module (via the extension of
scalars construction), we can first prepare R’ by extending scalars to C
(obtaining C ® R = C*), and then tensor the resulting C-module with C"
(tensoring over C!). That is:

C"@r R = C" gc (C@rR') = C" gc C* 2 C

(and this is a C-module isomorphism by the following proposition). More
generally, the proposition breaks a “complicated” extension of scalars M @ g N
(M an S-module, N an R-module) into two steps: a simpler extension of
scalars, S ® g N, followed by an ordinary tensor product of S-modules.

Proposition 3.28. Let M be an S-module, N an R-module. Then
M®r N = M®gs (S®@rN)

as S-modules, where the isomorphism sends m @ n — m ® (1 @n) (and in
the other direction (sm) @n =+ m® (s ®@n)).

Proof. One of the questions in the example sheet is to prove this
statement (or just read the proof below).

We will construct S-linear maps in both directions and verify that they
are inverses. Define an R-bilinear map M x N — M ®g (S ®r N) sending
(m,n) — m® (1 ®n). By the universal property of M ®@g N, there is an R-
linear map ¢: M@rN — M ®g(S ®r N) such that o(m @ n) =m®(1 ®n).
In fact, ¢ is also an S-linear map:

ol stmen) | = (m)o 1 en) = s me (1 om)
—— —
=(sm)®n =p(m®@n)

(it suffices to check this on pure tensors).

Now we define an S-linear map in the other direction in several steps. Fix
m € M. Define an R-bilinear map S x N — M ®pr N sending (s,n) —
(sm) ® n. By the universal property of S @ N there is an R-linear map
Hp,:S®r N — M ®pr N such that Hy,,(s ®n) = (sm) @ n. Unfix m € M.
Define an S-bilinear map M x (S®r N) - M ®g N sending (m,z) —
H,,(x) (verify S-bilinearity carefully!). By the universal property of M ®g
(S ®Rr N), there is an S-linear map : M ®g (S ®gr N) = M ®@r N such that
PY(m® (s®@n)) = Hy(s®@n) = (sm) @n.
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Take a pure tensor m®n € M ®gr N. Then

(pop)(men)=i¢(me(len))
= Hm(l ®n)

=m@n

and thus ¢ o ¢ = idpg,n (it suffices to check on the pure tensors since they
generate M ®pr N as an R-module, a fortiori as an S-module).

¢

Take a pure tensor m ® Zsi ®@n; | € M®s(S®rN). Then
i=1

=1

© Zsim & nz>

(sim) ® (1 ®@n;)
! =m@(s;@n;)
l
=m® Z S;i ®n; .
i=1

=T

¢

7

Thus p o9 = idygg(sern) and so ¢ and ¢ are S-module isomorphisms. [

The following theorem is an analogue of Theorem 3.12 in the extension of
scalars setting.

Theorem 3.29. Take S-modules M, M’ and R-modules N, N’ (and some
fized ring homomorphism R — S). Then there are S-module isomorphisms
(all sending pure tensors to their obvious images):

(1) M®r N — N ®@p M.

(2) (M@RN) ®RN/ AN M ®pg (N®RN/>
(notices that the LHS involves two extension of scalars, while the RHS
involves one)

(3) (M ®@prN)®s M 5 M ®s (N ®@r M').

(4) M @r (Bier Ni) = @jes (M @r N;)
(where N; is an R-module).

Proof. 1 suggest you plugin R=R, S =C, M =C", M' =C", N = R¢
and N’ = R” just to get a feeling for what each statement means.
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You can certainly prove this statement by yourself at this point. I will skip
most of the proof. Let’s just do (3) using the associativity of ®g (when not
mixed with ®g) and using Proposition 3.28:

(M ®r N)®s M= (M s (N@rS)) @s M
~ M ®g ((N®rS)®s M)
>~ M®s (N®g M)
O
The following corollary shows what happens when you take a tensor

product of R-modules and apply S®p to it (e.g. what is C ®p (Rg ®R Rk)
as a C-module? Although this example is easy actually).

Corollary 3.30. Let N, N’ be R-modules (as usual, there’s some fized ring
homomorphism R — S). Then there is an S-module isomorphism

S®r (N@rN') =2 (S®rN)®s (S@N')
sending s ® (n®@n') — s((1®@n)® (1@n')).
Proof. By Theorem 3.29(2) and Proposition 3.28, we have S-module isomor-
phisms
S®r (N@rN')=(S®rN)®r N’
= (S®rN)®s(S®rN)

with the isomorphisms sending pure tensors in a way that matches the
statement. [l

For example (of Corollary 3.30), as C-modules:
Cer (R"@rR') = (CerR") &c (Cor k')
~ C" ®c C*
~ CnZ

We already knew that because, as C-modules

C QR R™ SR RZ ~ (Cn€
————
~Rn4
but now we have a new way to think about this. Note that in Corollary 3.30
we are discussing a simple extension of scalars, i.e. S®p. The corollary is not
true for M®p for a general S-module M: Indeed (verify using what we've
learned), C" ®pr (Rm QR ]RE) >~ C" as C-modules, while (C" ®g R™) ®¢
((C” R Rf) > Cr'ml g C-modules, a contradiction if n > 2.
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Applying Corollary 3.30 repeatedly one can also see that SQr(N1 @ - Qg Nyg) =
(S®Rr N1) ®s - ®5 (S ®r Ny).

Remark 3.31. An imporant feature of extension of scalars is that it acts on
morphisms and not only on modules. If f: N — N’ is an R-linear map and
M is an S-module (as usual, some ring homomorphism R — S lives in the
background), then idy; ® f: M @z N — M ®pg N’, which we already know is
an R-linear map, is an S-linear map. Indeed,

iy &) | sm@n) | = (sm) ® f(n) = s(idas @F)(m @ 1) .
SN——— S——r—
=(sm)@n s(m®f(n))
As an example, take a linear map T: R” — R" and tensor it with the
identity map idc: C — C. Ife,...,e, and fi,..., fin are R-bases of R” and
R™, respectively, then 1 ®eq,...,1® e, and 1 ® f1,...,1® f,,, are C-bases
of C®g R" and C ®@g R™, respectively. Now, write [T] for T' represented
EC’!L u(cm

according to these R-bases. Then
(dc@T)(1®e) =1® Te;

=1® Z[T]Zifj
=1

= Z[T]ez‘(l ® fj)
=1

and so the matrix representing T' according to the C-bases above is exactly
[T] (interpreted as a matrix with complex entries that all happen to be real).

3.3.2. Algebras: Restriction and extension of scalars. Given two R-algebras
A and B, we constructed a new R-algebra A ® g B with the structure map
R — A® B given by r — p(r) ® 1 (where p: R — A is the structure ring
homomorphism of A as an R-algebra). But A ®g B is also an A-algebra via
a+— a® 1, and a B-algebra via b — 1 ® b. So the R-algebra structure on
A ®p B is given by taking either the A- or B- algebra structure on A @ B
and restricting scalars to R (the result will be the same).

Example 3.32. We construct a C-algebra homomorphism
p: Cor (R1TY,...,T,])) — C[T1,...,T,]

The R-bilinear map C x R[T1,...,T,] = C[T1,...,T,] given by (z,p) — zp
gives rise to an R-linear map ¢: C ®g R[TY,...,T,] — C[T1,...,T,]. In
fact, ¢ is C-linear (check!). Next, we show that ¢ is a C-module isomor-
phism. Indeed, by Theorem 3.29(4), C ®r (R[T7,...,T,]) is a free C-module
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with basis {1 ® m | m is a monomial in 71,...,7,}. On the other hand,
C[Ty,...,T,) is a free C-module with a basis consisting the set of mono-
mials in T1,...,T,. So ¢ is a C-module isomorphism because it sends a

basis bijectively onto a basis. It is left to check that ¢ is a C-algebra ho-
momorphism (and thus an isomorphism, because we already know that ¢
is bijective). This is easy to verify using Corollary 3.21. We can write

o~ ! explicitly: ¢! (Ze:(eh.u,en)eZﬁo ze Ty - 'Tﬁn) = 26:(817“.7%)6220 Ze ®
Tyt - - Ten, where z, € C (the sum is finite, i.e. almost all z, are zero, because
elements of C[Ty,...,T,] are polynomials). In the same way, we have an
S-algebra isomorphism S ®g R[T1,...,T,] — S[T},...,T,] w.r.t. any ring
homomorphism f: R — S. The isomorphism sends s @ p — sf (p), where

f(p) results from p by applying f to each coefficient.

Some additional features (again, it suffices to check multiplicativity on
pure tensors):
(1) Proposition 3.28 has an analogue for algebras: For an R-algebra A
and an S-algebra B, we have an S-algebra structure on A @ B (via
B, as we've seen), and an S-algebra isomorphism

A®RB§(A®RS)®SB,

i.e. we are breaking a complicated extension of scalars A ® g B into a
simpler one A ®g S, followed by a tensor product of S-algebras.

(2) Corollary 3.30 also extends: For R-algebras A and B, we have an
S-algebra isomorphism

S®r(A®pB) = (S®r A)®s (S®r B)
sending s® (a®b) = s((1®a) ® (1®b)).
3.4. Exactness properties of the tensor product.

3.4.1. The tensor-with-M functor is right exact. Fix an R-module M. We
have a functor T); from the category of R-modules to itself, taking an R-
module N to Ty (N) := M ®r N, and taking an R-linear map f: N — N’
to Ty (f) == idy ®f (the term functor means that Th; acts both on the
objects and the morphisms of the category of R-modules, and that it sends
identity morphisms to identity morphisms and respects the composition of
morphisms).
We aim to show that if

ALBS 00
is an exact sequence of R-modules, and M any R-module, then

Mo A MeB M Mec —0
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is an exact sequence. In other words, we want to show that T is a right-exact

functor. We proceed in several steps, but first - an application.

Remark 3.33.

(1)

What can we say about M ®p (P/Q) for R-modules M, P,Q (Q a
submodule of P)? Consider the exact sequence

Q=P P/Q—0

where ¢ and 7 are the inclusion and quotient maps, respectively. Since
T () is right exact (see Proposition 3.37 below), we have an exact
sequence

Mo QM Me P ™5™ Ma(P/Q) — 0.
That is, id s ®7 is surjective, and its kernel is K := (idy; ®¢)(M ® Q),
i.e. K is the submodule of M®P generated by {m ® ¢ | m € M, q € Q}
(as discussed earlier, the map idys ®¢ does not have to be injective).
Thus, we have an R-linear isomorphism

0: (M ® P)/(idy @) (M ® Q) — M @ (P/Q)

=K

such that ((m ® p) + K) = m®(p+ Q),andso p 1 (m ® (p+ Q)) =
(m®p)+ K.

Now, consider R-algebras S and T, and an ideal I of T. We study
S ®pr (T'/I). The first part of this remark gives us an R-linear
isomorphism ¢: S ®@gr (T/I) = (S®rT)/J, J = (ids ®)(S @R I).
In fact, while the first part only guaranteed that J is an R-submodule
of S®RrT, it is in fact an ideal of S®pT, generated by {1 ® = | z € I}
(check!), and 1 is an S-algebra isomorphism. In other words, J is

the ideal of S ®r T generated by the image of I under the ring
homomorphism 7' — S ®r T given by t — 1 ® t.

For example, C ®r (R[TY,...,T,])/I) = (CorR[TY,...,T,))/J =
C[Ty,...,T,])/I¢ as C-algebras, where I¢ is the extension of I to
C[Ty,...,Ty), i.e. the ideal of C[T1,...,T,] generated by I (we used
the result of Example 3.32).

Definition 3.34. For R-modules @ and P, let Hompg(Q, P) be the set of
R-linear maps () — P, equipped with the R-module structure where the
addition is pointwise addition of functions, and the R-action is given by

(rf)(x) =r(f(x))  VreRfeHomg(Q,P)zed

(check that rf is in Hompg(Q, P) and that Homp(Q, P) is an R-module).
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Fix R-modules @, P. Then we have two new functors from the category of
R-modules to itself:

HOInR(Q?')
HOIHR(', P)

These are defined for an R-linear map f: M — N by:

Homp(Q, M) """ Homp(Q, )

is given by ¢ — fi(¢) = f o, and
Homg(N, P) ") Homp(M, P)
is given by ¢ — f*(¢) = o f.
Notice how Hompg(-, P) reverses the direction of the morphism. For this
reason we say that Hompg(-, P) is a contravariant functor (while Hom(Q, -)

and Ty are covariant functors).
The following proposition is easy to prove (see Example Sheet 2):

Proposition 3.35 (The Hom functors are left exact).
(1) If
0o—ALiB 0
s an exact sequence of R-module then so is
0 — Homp(Q, A) LN Hompg(Q, B) 2 Homp(Q,C) .
(2) If
AL B4 00
is an exact sequence of R-module then so is
0 — Homp(C, P) L Homp(B, P) . Homp(A, P) .
Lemma 3.36. Consider R-linear maps
f g
(3.4) A—B—C
such that for every R-module P, the following sequence is exact:
(3.5) Homp(C, P) L Homp(B, P) -+ Homp(A, P) .

Then (3.4) is exact.
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Proof. First plug in P = C'. By the exactness of (3.5),0 = f*(¢*(id¢)) = gof.
That is, im f C kerg.

Now plug? in P = B/im f, and consider the quotient map h: B — B/im f.
Clearly h € ker f*, and thus the exactness of (3.5) implies that there is
e € Homp(C, B/im f) such that eo g = h. Thus, kerg Ckerh =im f. O

For R-modules M, N, L, we have already seen a bijection

Homp(M ®p N, L) =5 Biling(M x N, L)

which reflects the universal property of M ®r N: Each R-bilinear map
M x N — L corresponds to a single R-linear map M ®r N — L (write to
yourself what the bijections are in both directions). But

Biling(M x N, L) — Hompg(N, Homg(M, L))
by a bijection sending an R-bilinear map b: M x N — L to
n— (m = b(m,n))

(convince yourself that this is a well defined bijection). All, in all, we have a
bijection

(3.6) Homp | M ®@r N,L | — Homp(N,Hompg(M, L)) .
———
=Tp(N)
(in category theoretic language, the fact that this set bijection is natural®

in both arguments implies that Th/(-) and Hompg(M, ) form an adjoint pair,
with Ths(-) being the left adjoint, and Homp(M, ) the right adjoint).

Proposition 3.37. Let M be an R-module. Then the functor Ty is right
exact.

Proof. Take an exact sequence of R-modules:
ALBSc—o0
Let P be an R-module. Apply Hompg(+, P) and then Hompg(M, ) to obtain
the exact sequence (see Proposition 3.35):
0 — Homp(M,Homp(C, P)) — Hompr(M,Hompg(B, P)) - Homg (M, Hompg (A, P))
But by (3.6), this sequence is isomorphic to the following sequence (to be

completely formal, one needs to draw a little commutative diagram here,
representing an isomorphism of sequences):

0 — Homg(M ® C, P) - Homgr(M ® B, P) — Homgp(M ® A, P) ,

4B/ im f is called the cokernel of f, denoted by coker f.
5Whatever that means (we will only mention category theoretic notions in passing in
this course).
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so the latter sequence is exact. Since this is true for every R-module P,
Lemma 3.36 implies that

M@A—-MB—-MC—0
is exact. U

Remark 3.38. | Non-examinable | The general principle here is that a left
adjoint functor is right exact, and a right adjoint functor is left exact. The
more general principle is that a left adjoint functor is continuous (commutes
with limits of categorical diagrams), and a right adjoint functor is cocontinuous
(commutes with colimits). This is relevant to exact sequences because kernels
are limits and cokernels colimits. The natural isomorphism M ® (A @ B) =
(M ® A)® (M ® B) is another instance of this phenomenon: The direct sum
is the coproduct (and so, a colimit) in the category of R-modules, and Ty is
cocontinuous, and thus tensoring before or after taking a direct sum gives
the same result (up to a natural isomorphism).

Warning: It sometimes happens that
A—-B—-C
is an exact sequence of R-modules, but
M®A—-MeB—-MC

isn’t (i.e. the extra — 0 on the right is crucial for the preservation of exactness
by Thr). See the following example (but first, if you think about it for a
second, a functor that preserves all exact sequences of length 3 must preserve
all exact sequences, so we really did not expect Ty to do that).

Example 3.39. Consider the exact sequence of Z-modules

0— 7287 .

Tensoring with Z/27 (by which we mean as usual that we tensor the objects
with Z/27 and the morphisms with idzo7), we have

idz/gz ®(z—21)
—

0—Z/2Z&T 72237

which is equivalent to

27+—2x+27
x+ -+

0 —> Z/2Z 7.)27.

which is not exact.
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We take this opportunity to introduce the notion of a morphism of sequences
using the example above. We have a diagram

a+27)Rb— (a+27Z 2b
0 222 & 7DD, 0 9 7
l l (a-+2Z)@b—>ab+27 l (a-+2Z)®@b—>ab+27
0 Z/QZ 27— 2x+27, Z/2Z

where each square commutes (i.e. the composition of right and down is equal
to the composition of down and right). This is an instance of a commutative
diagram.

The notion of composition of morphisms of sequences is defined in the
obvious way. An isomorphism of sequences is a morphism that has a two-
sided inverse. Equivalently, an isomorphism of sequences is a morphism of
sequences where all the vertical arrows are isomorphisms (check that the two
defintions are equivalent). This notion of an isomorphism is the one we need
in order to think of two sequences as essentially the same.

3.4.2. Flat modules - a first encounter.

Definition 3.40. An R-module M is flat if for every R-linear map f: N —
N', if f is injective then so is idy; ®f.

Example 3.41.
(1) Example 3.39 shows exactly that the Z-module Z/2 is not flat: ten-

soring the injective map Z TR 7 with 7,/27 results in the zero map
7)27 — 7.)]27.

(2) Free modules are flat: If f: M — M’ is an injective R-linear map then
idper @f: R¥ @ M — R® @ M’ is equivalent to the map M —
M'®T the sends (m;);c; — (f(mi));cr, Which is certainly injective
(the equivalence is in the sense of an isomorphism of sequences as
defined above). In the example sheet you will prove a generalization:
Projective modules are flat.

(3) The base ring matters: Notice that Z/27Z is flat as a Z/2Z-module
(a very special case of a free module), but not as a Z-module.

(4) A generalization of the first example: An R-module M is torsion
free if rm # 0 whenever r € R is not a zero divisor and m # 0 (this
generalizes the notion of a torsion-free abelian group, i.e. Z-module,
noting that in Z the only zero divisor is 0).

Flat modules are torsion free: Assume that M is not torsion free.
Then there is g € R, not a zero divisor, and 0 # mg € M, such
that romo = 0. Now, the map u,,: R — R given by u,,(r) = ror is
injective since 7¢ is not a zero divisor. But idys ®pr,: MOR — M®R,
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m®&r — m® (ror) is not injective because it sends mo® 1 to 0, while
—_——
=(rom)®r

mo® 1 # 0 because under the isomorphism M @ R =< R, mQr — rm,
mo ® 1 is mapped to mgy # 0.

(5) A special case of the previous point: If (0) C I C R is an ideal of an
integral domain R then M = R/I is not a flat R-module. Indeed, M
is not a torsion-free R-module: Take 0 # r € I. Then r is not a zero
divisor since R is an integral domain, but the map m +— rm: M — M
is the zero map, while M is not the zero module.

Proposition 3.42 (Characterization of flat modules). Let M be an R-module.
The following are equivalent:

(1) Tas preserves the exactness of all exact sequences.
(2) Tas preserves the exactness of short exact sequences®.
(3) M is flat (i.e. preserves the exactness of exact sequences of the form
0— N —N).
(4) M is “flat for finitely generated R-modules™ If N i) N’ is injective
and N,N' are finitely generated R-modules, then M @r N ldM—Q;f
M ®gr N is injective.
Proof. Clearly (1)=(2)=(3)=(4) | why (2)=(3)7 |
(2)=(1) [ in class I will draw a nice diagram | Assume that A N
B %5 C is exact. Consider the following short exact sequences:
O—)kerf—>ALimf—>0
O—)kerg—)Biﬂmg—)O
~——
=im f
0—img—C—C/img—0

Applying M ® (+) to each sequence, exactness is preserved:

(3.7) 0— Makerf—MoA MY Meimf—0
(3.8) 0— M®kerg— M®B Y% M@img — 0
~—~—~
=im f
(3.9) 0 —M®img—MC —MxC/img — 0

Consider the sequence
(3.10) MeAMS MeB M pmeC

6Recall: A short exact sequence is an exact sequence of the form 0 — N’ — N —
N" — 0.
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Then
mMA—->M@B)=im(M®A—>Mimf—M®eDB)
=im(M ®im f - M ® B)

because M ® A — M ®im f is surjective by the exactness of (3.7) at M ®im f.
But now

m{M@imf >M®B | =ker(M®B — M ®img)
—~—
=ker g
by the exactness of (3.8) at M ® B. And now,

ker(M @ B—- M ®img) =ker | M ® B—+ M ®img - M & C
=M®B—-M®C

because M ®im g — M @ C' is injective by the exactness of (3.9) at M ®im g.
This shows that (3.10) is exact.

(3)=-(2): Follows since T is right exact (Proposition 3.37).

(4)=-(3): I suggest trying to prove this yourself before reading the
proof below.

Take an injective R-linear map f: N — N’ and take Y m; ® n; €
ker(idyy @ f: M @ N - M ® N'). Then

(3.11) > mi @ f(ni) =0
(in M @ N').

Let Ny be the submodule of NV generated by the n;.

By Proposition 3.10, there are finitely generated submodules My of M
and N of N’ such that (3.11) holds in My ® N/. Then (3.11) also holds in
My @ (N} + f(No)).

Consider ida, ®(f |ny): Mo® No — My® (Ny + f(No)). Then Y~ m; @n;,
as an element My ® Ny, is sent to 0, and thus (4) implies that > m; ®n; =0
in My ® Ng. Thus Y- m; ® n; =0 alsoin M ® N. O

Proposition 3.43 (Extension of scalars preserves flatness). Let f: R — S
be a ring homomorphism, and take a flat R-module M. Then S @r M is a
flat S-module.

Proof. Let g: N — N’ be an injective S-linear map. We have a commutative
diagram

(S@ M)(X) N idsg M ®g
R S

(S®r M) ®s N’

l(s@m)@m—)m@(sn) l(s@m)@n’»—)m@(sn')

id
M ®pr N M 9 M ®pr N’
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The commutativity of the diagram is clear (just follow with pure tensors).
The vertical arrows are S-module isomorphisms by Proposition 3.28. Thus,
the injectivity of the bottom arrow implies the injectivity of the top arrow
by basic diagram chasing”. O

Remark 3.44. The non-left-exactness of T)s for a non-flat module M seems
like a caveat, but it also opens the door to a very rich study of modules via
tools of homological algebra.

Remark 3.45. | non-examinable | If you want to know more about flat
modules, your next steps could be to learn the following:

(1) Note that for every ideal I of R and R-module M, we have a surjective
R-linear map IQrM — IM, i®m + tm, where I M is the submodule
of M generated by {im | i € I,m € M}.
(a) Proposition A: M is flat if and only if this R-linear map
I ®r M — IM is also injective for every finitely generated ideal
I of M.
(b) Clearly, this condition is necessary for flatness: The inclusion
I — R is R-linear and injective, and tensoring with id,; gives
the map above, which much also be injective if M is flat.
(2) A second worthy goal is to learn enough homomological algebra to
understand the following proposition:
(a) Proposition B: The map I ® M — IM above is injective if
and only if Tor;(R/I, M) = 0.
(b) Proposition B can be used to prove Proposition A.

3.5. Further examples of tensor products.

Example 3.46. For z ® y € Q ®z Z/nZ, we have

x x
TRY = (n7> RKY=—& ny
n n ~—
=0
and so Q ®z Z/nZ = 0. What properties of the abelian groups Q and Z/nZ
did we use?

(1) A = Q is a divisible group (i.e. for all n > 1 and a € A there is
a’ € A such that na’ = a).

(2) B = Z/nZ is a torsion group (i.e. every element of B has finite
order).

"The chase in this case: Start with z € (S®r M) ®p N such that going right makes it
0. So going right then down also brings = to 0. Thus going down and then right brings z
to 0. The injectivity of the bottom row implies that just going down brings = to 0. But
the left arrow is an S-module isomorphism, and thus z = 0.



COMMUTATIVE ALGEBRA 37

So, A ®z B = 0 whenever A is a divisible group® and B is an abelian torsion
group. Now, Q/Z is a torsion divisible group, and thus

(Q/2)** =0,
On the other hand:

Proposition 3.47. If M # 0 is a finitely generated R-module then M®™ # 0
for alln > 1.

Proof. See the example sheet. O

Above, we referred to the tensor power M®™. More generally, one may form
a tensor product M7 ® My ® - - - ® M, of R-modules. It is defined similarly to
the case n = 2. We have M1 ®(Ms @ M3) = M1 @M@ Ms = (M @ Ma)®Ms
naturally (which can be used to prove the associativity of the tensor product).
Also, M1 ® My ® - --® M, is characterized by a universal property in terms of
R-multilinear maps, analogous to the universal property of M ® N in terms
of bilinear maps. We will not spell out the precise definition because it is a
trivial generalization, but you are expected to understand what the definition
is (or read somewhere).

Example 3.48. Let V be a Q-vector space. Then we know that Q@qV =V
by the isomorphism x ® v — zv. Notice that every tensor in Q ®q V' is pure:

Zazi@)w:Zl@xwi:l@wai.

What about Q ®z V7?7 Is every tensor still pure? We are only allowed to
move elements of Z across the ® sign, but still we have an affirmative answer
(below a;,b; € Z):

a; 1
i@UiZZE®Givi
1 a;b;
—
b; b;

So what is Q®z V' (here we restrict scalars from Q to Z on V', and then extend
scalars to Q again)? The Z-bilinear map Q x V' — V sending (z,v) — xv
gives rise to a Z-linear map ¢: Q®zV — V such that ¢p(z ® v) = zv. Clearly
( is surjective and sends nonzero pure tensors to nonzero elements. But every
tensor in Q ®z V is pure, and thus ¢ is injective, that is, an isomorphism of
Z-modules (check that it is also an isomorphism of Q-modules).

8Divisible groups are abelian by definition.



COMMUTATIVE ALGEBRA 38

The proof above generalizes trivially to show that’ Frac(R) g V = V
as Frac(R)-modules whenever R is an integral domain and V is a Frac(R)-
module. We can even generalize further:

Proposition 3.49. Let R be an integral domain and V a Frac R-module.
Let M # 0 be an R-submodule of Frac R. Then M ®rV =V as R-modules
by an isomorphism sending m Q@ v — mu.

Proof. See the example sheet. You can still prove that all tensors are pure,
but this is a bit more subtle. Then injectivity follows easily. It is also less clear
than before why the map is surjective, so a short explanation is required. [

Example 3.50. Consider R = 7Z [\/—75} (so FracR = Q(\/TS)), and an ideal
I of Z[JTS} (so Iis a Z[JTS} -submodule of Q(\/TB)) If I is principal
then'® R 2 I as R-modules, and thus certainly I ® z Frac R & R®p Frac R =
Frac R.

For a nonprincipal ideal I of R, we have R 2 I as R-modules because R
can is generated as an R-module by 1, while I cannot be generated by a
single element. For example I = (2, 1+ Jj5) is nonprincipal (proof omitted;
if you really want to you can use the field norm of Q(\/T5) /Q to prove this).
But still we have (2,1 + +/=5) = Q(v/-5) =2 Q(v/=5) by Proposition
3.49.

Remark 3.51. The argument in Example 3.48 raises the question of whether
an R-linear map f: M ®r N — L that is injective on pure tensors must be
injective. The answer is negative. You will be asked to consider this question
in the example sheet.

ier Mi —
D, M @ M; given by m® (m;),c; — (m ® m;);c;. The same formula also
gives an R-linear map M ®pg [[;c; Mi — [[;e; M ®r M;, which in general
is not an isomorphism. Let’s see an example where these two R-modules
are not even isomorphic. On one hand, [[,~; Q ®z Z/p"Z = 0 (why?). On
the other hand Q ®z [],,»; Z/p"7Z is not the zero module. Indeed, take an
element x € [[,+, Z/p"Z of infinite order (say = = (1,1,1,...)). Write (z)
for the subgroup of [1,,51 Z/p"Z generated by x. Then Q ®z (x) = Q # 0.
= -~
~7,
But Q is a flat Z-module (see later, or prove directly), and so tensoring the
inclusion () < [[,,~; Z/p"Z with Q results in an embedding of the nonzero

module Q ®z (z) in Q®z [[,>, Z/p"Z.

Example 3.52. We have a nice R-module isomorphism M ®p €

9Here Frac R is the field of fractions of an integral domain R.
101 general, for a principal ideal I = (x) of a ring R, we have a surjective R-linear map
R — I, r = rz, which is also injective when R is a domain and z # 0.
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Example 3.53. What is C ®g C? First, as an R-module, the right copy of
C has an R-basis {1,i}. Treating C ®g C as an extension of scalars of the
right copy from R to C, we see that {1® 1,1 ® i} is a C-basis for C ®@p C.
Furthermore, we have C-algebra homomorphisms
CerC=Ceg (R[T]/(T?+1))
= CIT]/((T = i) (T +1))
= C[T)/(T — 1) x C[T]/(T +1)
=CxC

(the third equality used the Chinese Remainder Theorem, see the example
sheet). What is the isomorphism?

a+bi|®|ctdi|— (a+bi)® (c+dl+ (T°+1))
—— ——
=T :Iy
= (a+bi)(c+dl) +(T? +1)
ac+bdiT+ibc+Tad=:P

— (P+ (T —14),P+ (T +1))
— ((ac — bd) +i(be + ad), (ac + bd) + i(bc — ad))
= (zy,z7) .

What are the elements of C ®g C that are mapped to (1,0) and (0,1)? Recall

that as a C-module, C ®p C is of dimension 2, with basis < 1® 1,1 ® 7
——
=v1  =v2
We take a, 3 € C, and compute our isomorphism ¢: C @g C — C x C:
(3.12) avy + Pug — (o, ) + (Bi, —Pi)
=a®1+p®i :(a+ﬁvz‘,a—,8i)

and thus
1

51)1 — %1)2 — (1,0)

In other words, the basis {uj,us} = {% ®1-— % 1, % ®1+ % ® z} makes
the multiplication in C ®g C very simple:

(a1u1 + Brug)(cwur + Paug) = (aran)ur + (B182)us -
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Indeed,

(rur + Brug)(agur + Pauz) = ¢~ | plarur + Bruz) plasur + Baus)
=(0u,p1) =(o2,82)
= ¢ (10, B132)
= (onoz)uy + (B182)uz -
The somewhat alert yet not fully alert reader might find the following
“contradiction™ If in (3.12) we write (1 ® 1)+ (1 ® i) = 1®@a+1® [i and
compute, we get a different result, but there should only be one answer to the

question of where a(1 ® 1)+ (1 ® ) is sent! The answer is that A := C®rC
is a tensor product over R, and as such we are only allowed to move scalars

from R across the ® symbol. When we decided to take the right copy of
the R-algebra C and extend scalars to C, we have made a decision to let
the base ring C act on the left side of pure tensors. If we make a similar
construction B := C ®r C where we think of the left copy as an R-module
and extend scalars to C from the right, then the set-theoretic identity map
A — B is an R-module isomorphism, but not a C-linear map (however, there
is a C-algebra isomorphism, which is..). Note that the issue is not unique
to algebras, it’s an issue with modules in general: Making C ®r C into a
C-module via the left or right copies of C results in different modules (in the
sense that the set-theoretic identity map is not a C-linear map from C @ C
defined the first way to C ®g C defined the second way).

Remark 3.54. [ Non-examinable | One can classify all C-algebra homo-
morphisms C g C — C. Every such homomorphism is R-linear and thus
corresponds to an R-bilinear maps C x C — C. These are all of the form
(x,y) — T(x)S(y) where T,S are R-linear maps C — C. Thus, each
R-linear maps C g C — C send z ® y — T'(z)S(y) for T,S as above.
For such an R-linear map to be a C-algebra homomorphism it is neces-
sary that x ® 1 — =z, and so T' = id¢c. So, what does it take for a map
C ®r C — C satisfying z ® y — xS(y) to be a C-algebra homomorphism?
Since (1®y1)(1®y2) = 1 ® (y1y2), we must have S(y1y2) = S(y1)S(y2).
Similarly S(1) = 1. So S: C — C is a ring homomorphism (and also R-
linear). An R-linear map C — C sending 1¢ — 1¢ must be the identity on
R. A ring homomorphism C — C fixing R elementwise must send ¢ € C to a
root of T2 + 1. The only such R-linear maps are the identity and conjugation
on C. Soz®y — xy and x ® y — z¥y are the only C-algebra homomorphisms
C ®r C — C. We can pack them into a single C-algebra homomorphism
CerC—CxC,z®y+— (zry,2y). This map is surjective. Surjetivity will
always hold when you take a commutative C-algebra A, dim¢ A < oo, and
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a collection of distinct C-algebra homomorphisms, and pack them like this.
You can think about this directly. I think about it as a special case of the
Artin—-Wedderburn Theorem (from the not-necessarily-commutative world).
In our case, the C-linear surjective map is between C-vector spaces of the
same dimension (i.e. dimension 2), and so it is an isomorphism. In fact, in
general, if you use all C-algebra homomorphisms A — C, you will have an
isomorphism if and only if the only nilpotent element in A is 0 (if A has a
nonzero nilpotent element then the number of C-algebra homomorphisms
A — C is smaller than dimc A).

4. LOCALIZATION

Definition 4.1. A multiplicative subset of the ring R is a subset S C R such
that 1 € S and ab € S whenever a,b € S.

The multiplicative closure of a subset U of R is the intersection of all
multiplicative subsets of R that contain U (equivalently, it is the set S of all
elements of the form [[;" s1--- sy, n > 0, which automatically includes 1 by
taking n = 0).

4.1. An overview of the basic idea. If R is an integral domain, we know
the construction of the field of fractions Frac R of R. We have a canonical
ring homomorphism R — Frac R sending r — §. Informally, we start from
R and add inverses for all elements of the set S = R\ {0}. This set S
is multiplicative because R is an integral domain. Here we generalize this
construction: we will not assume that R is an integral domain, and we will
add inverses for the elements of an arbitrary multiplicative subset S C R.
The resulting ring will be denoted S~'R, and we will have a canonical map
R— SR, r— 7, which will not always be injective (it will be injective if
and only if S does not contain any zero divisor of R). We go even further: for
an R-module M and a multiplicative subset S of R, we form the R-module
S—LM, consisting of elements of the form =, mé€ M, seS. Then the ring
S7IR is a special case of S~'M, by looking at R as an R-module, but unlike
the general case of S~'M, in S™'R we also define multiplication that makes
it into a ring and not just a module. It then turns out the S™'M is not just
an R-module, but an S~!R-module (i.e. the structure ring homomorphism
R — End S™'M of S~'M as an R-module factors through the canonical
map R — S7'R, r — 7). Finally, we will see that the ring S7IR has a
certain universal property: any ring homomorphism R — A sending each
element of S to an invertible element of A factors uniquely via the canonical
map R — ST'R. As usual with universal properties, S™' R will be shown
to be the unique ring satisfying the universal property (up to isomorphism).
One can easily define a similar universal property for an arbitrary subset
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U of R rather than the multiplicative subset S of R, i.e. is there a ring B
such that every homomorphism R — A sending each element of U to an
invertible element of A factors uniquely through some fixed map R — B?
The answer turns out to be positive: the unique answer is to take B = S™!' R,
where S is the multiplicative closure of U in R. In this sense, working with
multiplicative subsets to begin with does not limit the generality. Another
way to think about this, slightly less formally: in any ring A, if a1, a2 € A are
both invertible, then so is their product ajas, and so if you “add inverses” to
a certain set U C R of elements, you have to add inverses to all elements in
the multiplicative closure S of U. Once we are done with the fundamentals
reviewed above, we will see algebraic applications of localization. In other
courses, such as Algebraic Geomtery, you will see geometric applications that
explain, in particular, what local geometric information becomes accessible
via localization.

4.2. The construction and univeral property.

Definition 4.2. Let S be a multiplicative subset of the ring R. Let M be
an R-module. Consider the set of all pairs (m,s), m € M, s € S. Write
(my, s1) ~ (ma, sg) if there is u € S such that u(sgm; — symg) = 0. Then ~
is an equivalence relation (see later). We write “* for the equivalence class
of (m,s), and let ST'M = {™ |m e M,s € S}. We make the set S~'M
into an abelian group by letting T—ll + T—; = W, which is well defined

(see later). We make the abelian group S~!M into an R-module by letting

r = =%, which is again well defined.

Consider R as an R-module. Then the R-module S~'R becomes a ring by
letting - 2 = £12, which is well defined (see later).

The R-module S~'M is in fact an S~' R-module via the action o=,

which is well defined (see later).

Remark 4.3. For the reader who knows the construction of the field of fractions
Frac R of an integral domain R, the only surprise in the definition above is
probably the introduction of u in the definition of the equivalence class ~.
But it is easy to see that w is necessary: our point is to make u (and every
other element of S) into an invertible element in the new ring S~'R. But,
regardless of localization, for any R-module M, invertible element z € R and
m € M, if m = 0, then, letting 2! act on both sides, we have m = 0. So
u is necessary. The more surprising thing is that handling this particular
issue in the definition of ~ is sufficient in order to make S™'R and S~'M
into a ring and a module (respectively), and to satisfy the universal property
sketched in the overview.
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From now on we shall use the term unit to refer to an invertible element of
a ring. We turn to checking that the notions in Definition 4.2 are as promised
(i.e. well defined, and give the structure of a module, ring, etc.). Let S C R
be a multiplicative subset and take an R-module M. First, we show that ~
is an equivalence relation. It is clearly reflexive and symmetric. We show
transitivity: Assume that (mq,s1) ~ (mag, s2) and (me, s2) ~ (ms, s3). Then
there u,v € S such that

u(samq — syme) = 0 = v(s3mg — sams) .

Multiplying the LHS by vss, the RHS by usi, and adding the results up, we
have:
uv(sa83my — s183ma + S153Ma — S182M3)
i.e.
uvsa(sgmy — syms)

and so (my, s1) ~ (ms, s3) because uvsa € S because S is multiplicative.
What is still left to prove?

(1) Addition in S~*M is well defined and makes S~1M into an abelian
group (with ¥ as the zero element).
(2) Multiplication of a scalar r € R by m € M is well defined and makes
S~1M into an R-module.
(3) Multiplication of % and 2 is well defined and makes R into a ring
(with 1 as the multiplicative identity).
These verifications are straightforward and are left to the reader and will be
taken for granted from now on. Now:
(1) The map R — S™!R given by r — % is clearly a ring homomorphism.
(2) Making S™'M into an S~!R-module: Write p: R — End S™'M
for the structure ring homomorphism of the R-module S~'M. Now,
p(s) = (£ + %) is a unit of End S~'M for all s € S because it has

t ¢
the map £ — £ as an inverse (verify that this map is in End S~1M).
Thus, by the universal property of S™'R (see below) p factors through
a unique ring homomorphism p: S™'R — End S~'M (ie. p(r) =

ﬁ(%)), and ﬁ(g) = (% — 7’)(275”1)), that is, £ - 2 = =™ (again, the

7 s t st
universal property will give this). The fact that the ring End S—1M
is generally not commutative will not pose a problem.

Here is the universal property of S~'R. We will write 1g-15: R — S™!'R for
the canonical ring homomorphism tg-15(r) = 7. It has the property that
tg-1p(s) is a unit of ST'R for all s € S.

Proposition 4.4. Let S be the multiplicative closure of a subset U of R.
Then, for every ring B (unital, but not necessarily commutative) and ring
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homomorphism f: R — B such that f(u) is a unit for all w € U, there a
unique ring homomorphism h: ST'R — B such that f = houg-1p (that is,
f(r)=h(%) for allr € R). It is given by h(%) = (f(s) L f(r).

Furthermore, if (A, j) is another pair of a ring A and a ring homomorphism
j: R — A with the same universal property*' of (S_IR, Ls—lR) as above, then
we have an isomorphism ¢: ST'R — A given by ¢(%) = (G(s) " H4(r).

Proof. Consider a ring homomorphism f: R — B as in the statement. First,
note that since f sends the elements of U to units, it all sends the ele-
ments of the multiplicative closure S of U to units. Define a ring homo-
morphism h: ST'R — B by letting h(L) = (f(s)) ' f(r). Then clearly

f(r) = h(%) Also, for h to be a ring homomorphism we must have
L=h(1)=h(L-5) = (1) a(]) andso h(2) = h(2) h(T) = (F() £ (),
=f(s) =f(r)

so there is no other way to define h. We still need to prove that h is a well
defined ring homomorphism: Assume that % = Z—; Then there is t € S such
that tsary = tsira. Then f(t)f(s2)f(r1) = f(t)f(s1)f(re), and we can divide
both sides by f(t)f(s1)f(s2) because f sends the elements of S to units. So
h is well defined. Checking that h is a ring homomorphism is now trivial.
Now to the uniqueness of (S IR 1 R) as a pair satisfying a universal
property. Assume that (A, j) as in the statement also satisfies the univer-
sal property. Challenging S™'R with j we obtain a ring homomorphism
¢: ST'R — A such that j = ¢ 01g-1p. Challenging A with tg-15 we ob-
tain a ring homomorphism 1: A — SR such that tg-15 = ¢ o j. Thus
oporg-1p = tg-1x. That is, 1o is the solution for challenging S~ R with
ts-1p. But idg-1p is a solution to the same challenge, and so o = idg-1p.
Similarly ¢ o1 =id4, and so ¢ and 1 are isomorphisms. As for the formula
for the isomorphism ¢: S™'R — A: we have j = porg-1p, which means that
¢(%) =j(r). As in the first paragraph, this forces ¢ (%) = ((s) Yi(r). O

We can express the universal property of the ring S™'R as a natural
bijection: For every ring B,

HomRings(S_lR, B) o {gp € Hompings (R, B) | ¢(U) C BX}

where B* is the group of units (i.e. invertible elements) of B. The bijection
sends f: ST'R — B to the map r — f(%)

Some properties of ST'R and the map ¢+ = 1g1p: R — S7'R (S a
multiplicative subset of R):

Hpat is, j(u) is a unit of A for all u € U, and every ring homomorphism f: R — B
such that f(u) is a unit for all u € U factors uniquely via j.
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(1) An element £ € ST'Ris 0 & £ = 9 & There is u € S such that
ur = 0.

(2) SoST'TR=0<$t=2inS'R&0€ S, and

(3) kere ={r € R|3u € S ur =0}.

(4)

(5)

In particular, kerc = 0 < S contains no zero divisors.

¢ is always an epimorphism, but usually not surjective.

Recall that a morphism f: A — B (in any category) is an epimor-
phism if go f = h o f implies ¢ = h. For example, the embedding
7Z — Q is an epimorphism because two ring homomorphisms from Q
that agree on Z must agree on all of Q. But clearly Z — Q is not
surjective. Similarly, if two ring homomorphisms from S~!'R agree
on imtg-1p then they must agree (check!).

Nevertheless, every surjective ring homomorphism is an epimorphism.
Note that in the following categories, the epimorphisms are pre-
cisely the surjective morphisms: Sets, Groups, R-modules, topological
spaces.

The following two examples of localizations are very important.

Example 4.5.

(1) Let f € R. Then S = {f™|n >0} is a multiplicative subset of
R. The ring S7'R is denoted R;. It is “R with f inverted” (and
necessarily all powers of f are inverted too).

(a) Example: R =7, f =2. Then Ry = {5% | a € Z,n > 0}. This

is the ring of dyadic rational numbers. It is isomorphic to the
ring Z[%] (i.e., the subring of Q generated by Z and %, i.e. the
image of the unique Z-algebra homomorphism Z[T] — Q sending
T+ 3).
Notational caveat: In some undergraduate texts, Z, denotes
a ring isomorphic to Z/nZ. 1 will only write Z/nZ for this finite
ring. But there’s another problem: for a prime number p, Z,
commonly denotes the ring of p-adic integers, which is not the
ring {p" | n > 0} 'Z discussed above. For this reason, when
localizing Z using S = {ne | € >0}, I will write Z[%] instead of
using the R; notation.

(b) Ry is the zero ring if and only if 0 € {f™ | n > 0} if and only if
f is a nilpotent element of R (we will use it later to provet that
a certain ring element is nilpotent!).

(2) Let p be a prime ideal of R. Then S = R\ p is a multiplicative set (in
fact, that’s the definition of p being prime). We let R, = (R \ p) 'R
The ring Ry is called R localized at p.
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(a) Example: Let p be a prime number. Then p = (p) is a prime
ideal of Z, and we may localize Z,) = {Z|m,neZ ptn}.

Proposition 4.6. Let M be an R-module. Then ST'R@r M —> S™IM as
S~ R-modules via an isomorphism sending TE@me T

Proof. Define an R-bilinear map S™'R x M — S~'M sending (%,m) —
=%, It gives rise to an R-linear map ¢: STTR® M — S~'M such that
go(g ® m) = =%, It is clear that ¢ is surjective, and easy to check that it is
S~!R-linear (and not just R-linear). We now show that ¢ is injective. First,
we show that every tensor ¢ = Ele S ®@m;in SR ®pr M is pure. Let

s=s51---spand t; = Hje{l,...,z}\{z‘} sj. Then

¢
ts
t= Z(;) X rim;

=1

‘1

= E - ®@t;rym;
- S
=1

¢
1
- g ® Z;tﬂ”imi .
1=

Thus, it suffices to check injectivity on pure tensors of the form % ® m.
If (p(% ®m) = % then 7 = %, and thus um = 0 for some v € S. Thus
%@mz%@mz%@umzo. O

Let S be a multiplicative subset of R. We have defined S71(:) of an
R-module M. We have seen that ST'R ®r M = S~'M as S~'R-modules.
But ST'R ® (-) is a functor, acting not only on R-modules, but also on
R-linear maps. So we can also make S~!(-) into a functor, by defining S~!f

in the way that makes the following diagram commute for every R-linear
map f: N — N

idg_1,®f
ST 'Rop N SR S1Rop N
\LZ@TLHTS" \Lz®n/Hr:z'
SN S S-1N7

There is just one way to define S~! f that makes this diagram commute (start
from S™'N, go up-right-down). That is e % Rn % ® f(n) — @

That is (S_lf) (%) = @ This is an S~!R-linear map because we defined
it as the composition of three S~!R-linear maps. Since S™! ®g (foyg) =

((SR) ® f) o ((S™'R) © g), we have S~} (fog) = (S™1f) o (571g).
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Remark 4.7. | non-examinable | In category-theoretic terminology, we have
shown that the functors ST'R ®p () and S~!(-) (both from the category of
R-modules to the category of S~!R-modules) are naturally isomorphic. A
natural isomorphism between functors is a collection of isomorphisms between
objects, that satisfies a certain property as a collection. In our case, the
natural isomorphism is (epr),; (M runs over all R-modules), where each
ev: STYTROrM — S™IM is an S~! R-linear isomorphism, z—:M(g ® m) =",
such that for every R-linear map f: N — N’ the following diagram commutes:

STIR®f

571R®RN 571R®RN/
- -
SN S SN

The commutativity of this diagram is clear because we defined S~!f in order
for this diagram to commute, but this was a good opportunity to mention the
notion of a natural isomorphism. A natural isomorphism is a special case of
a natural transformation (where the £,; are only required to be morphisms,
not necessarily isomorphisms).

Remark 4.8. Take an R-algebra A. By the proposition above, we have an
S~!R-module isomorphism ST!R@r A — S71A, t®awr T It is easy to
check that this map sends % ®1- % and respects multiplication, and so
it is an S~!R-algebra isomorphism. We also know that S~'R @ (-) takes
R-algebra homomorphisms to S~!R-algebra homomorphisms. Since S7!(-)
of a morphism was defined via ST'R®pg (-), we deduce that S~1(-) also takes
an R-algebra homomorphism to an S~!R-algebra homomorphism.

We’ve seen that restriction of scalars followed by extension of scalars does
not, in general, result in the original module. However, the following lemma
says that in the case of ST'R ®p (-), applied to an S~!R-module M, the
result is isomorphic to M as an S~'R-module.

Lemma 4.9. Let S C R be a multiplicative subset. Let M be an S™'R-
module. Write S™'M for the module resulting from restricting scalars in
M from ST'R to R, and then localizing with S. Then M — S~'M as

STIR-modules via a map sending m — T (and %m ). Equivalently,

M = ST'R®r M as S~'R-modules via a map sending m +— 1@ m (and
m< T @m)

Proof. The map m — 5: M — S—1M is ST!R-linear. For = e S™IM, we

have %m — % ~m = ¥, proving surjectivity. To prove injectivity: if 5+ = % in
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S~IM then um = 0 in M for some u € S. But M is an S~'R-module, and

1
so we deduce that —um = 0. O
o

=m

We have seen that S™'R is characterized by a universal property. The
same is true for ST'M. We have an R-linear map tg-15,: M — S™IM
given by tg-17(m) = 5. The universal property can be expressed succintly
as Homp(M, L) = Homg-1z(S™'M, L) for every S™'R-module L (with a
natural isomorphism between the sets, see below):

Proposition 4.10. Let S be a multiplicative subset of R, and let M be an
R-module. Consider an R-linear map f: M — L, where L is an S™'R-
module. Then there is a unique S™'R-linear map h: S™'M — L such that
f=hotg-1).

Furthermore if (T,j) is a pair of ST'R-module T and R-linear map
j: M — T satisfyng the same universal property, then S™'M — T by
the S~ R-module isomorphism sending  +— Lj(m).

Proof. Since the functors S~!(-) and S™'R ®p (-) are naturally isomorphic,

we can prove the claim for the pair (S*1R Rpr M, [,), for the R-linear map,

t: M — ST'R®r M, 1(m) = 1 ® m instead of the pair (S‘lM, Ls—lM).

We have an R-linear map f: M — L, L an S™'R-module. Define h =

idg-1p®f: STTR®r M — ST'R®r L (where Lemma 4.9 was used). As a
\T/

map into L, h is given by h(f ® m) = £ f(m). Then h| «(m) | = f(m) as
=1®m
desired. The uniqueness of the S~ R-linear map h follows from the fact the
tensors of the form 1 ® m generate ST'R ®x M as an S~! R-module.
The proof of the uniqueness of (S Reor M, L) is left to the reader. [

Recall that a functor that preserves all exact sequences of length 3 must
preserve all exact sequences.

Proposition 4.11 (Exactness of S71(-)). If A 1y B % C is an evact

-1 -1
sequence of R-modules then so is S™1A SJ S~B S—g S~LC. Equivalently,
ST'R®g () is an exact functor from the category of R-modules to the category
of ST'R-modules. Equivalently, ST'R is a flat R-module'?.

1214 i clear that S™'R is a flat S~ R-module since every ring is flat as a module over
itself. Here we have a stronger statement. For example, Q is a flat Z-module.
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Proof. Clearly im S~ f C ker S~!g because (S‘lg) o (S_lf) =87 fog
~

=0
Now, take 2 € ker S~!g. Then @ = 0. That is, ug(b) = 0 for some
——
=g(ub)
u € S, ie ub € kerg = imf. Take a € A such that f(a) = ub. Then
Lo S0 (1) () € imS L. -

Remark 4.12. Let S be a multiplicative subset of R. Let M be an R-module
and N an R-submodule. Consider the inclusion map ¢: N — M, and apply
S~!. The exactness of S7!(-) implies that ST'N — S™I1M, 2 — 2 s
injective. It is convenient that the notation % for an element of S™ IN is the
same as the notation for an element of S~'M whose numerator happens to
be in N. So we shall treat S™'N as an S~ R-submodule of M. Equivalently,
the flatness of S™'R as an R-module implies that idg-15 ®N — idg-15 @M
is injective, and so we can think of elements of S™'!R ®z N (expressed as
sums of pure tensors) as elements of SR ®r M. We've seen in Example
3.8, in the general case of a tensor product of submodules, that the situtation

is not as nice in the absence of flatness.

Remark 4.13. For the next proposition, recall that for an R-module M and
submodules N7 and Ns, we write N1 + No for the submodule of M consisting
of all elements of the form nq + no, n1 € N1 and ny € No. We have a
surjective R-linear map ¢: Ny @ Ny — Nj + Ny sending (n1,n2) +— nq + ng
whose kernel is {(n, —n) | n € N1 N Na}. Thus, we say that the sum N7 + No
is direct if N1 N No = {0} because then ¢ is an isomorphism. In this case, we
refer to N1 + Ny as an internal direct sum (as opposed to the external direct
sum Ni @ N3). More generally, a sum Ny + - - - + Ny of submodules of M is
direct if the natural surjective R-linear map N1 @ --- @A Ny = N1 +---+ Ny is
injective (equivalently, (N1 + -+ N;) N N1 = {0} for all 1 <i < ¢). The
sums in the following proposition are not assumed to be direct.

Proposition 4.14. Let N, P be submodules of an R-module M. Then (see
Remark 4.12 to recall why we can write =):
(1) SN +P)=S"'N+S7'P.
2) STHNNP)=S"INNnSIP.
(3) STIM/STIN = STY(M/N) as S~'R-modules by a map sending
o SN e 2N (gnd T+ STIN o mEN )

Proof. (1) The LHS consists of all elements of S™'M of the form 2, n € N,
p € P, s € S, while the RHS consists of all elements of the form =+ %
These sets are equal.
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2)Ifre STINNS'Pthenz =2 =2 nec N, pe P, s1,59€ 8.

51 EPR
Hence, u(sgn — s1p) = 0 for some v € S. So w = usyn = usyp is in NN P,
EN ep

and thus z = > = —*— € S~1(N N P). The reverse inclusion is clear.
1 us182

(3) Apply the exact functor S~! to the short exact sequence
0— N M-"s M/N—0

to obtain the exact sequence

S—lr 1

— ST (M/N) —0.

Now (S_ll,) (S_lN) is exactly STIN, viewed as a submodule of S~'M.
Furthermore, the map S~'7 sends = to @ That is, the kernel of the
map ST'M — STH(M/N), @ s @, is exactly ST, and the result

’ s

follows. U

0— SN Y 5 Im

Proposition 4.15. Let S be a multiplicative subset of a ring R, and let
M, N be R-modules. Then S™'M ®g-15S™IN = S™Y(M ®g N) as S~'R-
modules by a map sending {+ ® ;- — %.

In particular, if p is a prime ideal of R then My ®r, Ny = (M ®pg N)p.
Proof.
(ST'TR®r M) ®5-15 (ST'TRON) 2 ST'R®p (M ® N)

as ST'R-modules by Corollary 3.30, sending <% ® m) ® (g—; ® n) > T2 @

8152
(m @ n). Using the natural isomorphism S™'R@pr M — S™'M, Z@m — ™2,
the result follows. U

4.3. Extension and contraction under the localization map R — S~'R.
For a ring homomorphism f: A — B, recall that:

(1) We have a contraction map b — f~1(b) (b an ideal of B), and b is
——

=:be
an ideal of A.

(2) We have an extension map a — (f(a)) (a an ideal of A), i.e. a®is the
~——

ideal of B generated by the imagelc(l)f a under f.

(3) For every prime ideal b of B, the ideal b° is also prime®?.

(4) A contracted ideal of A is an ideal of the form b¢ for an ideal b of B.
An extended ideal of B is an ideal of the form a®, a an ideal of A.

(5) From Example Sheet 1:

13Indeed7 the kernel of the composite map A NEA; B/bis b°, and so A/b° embeds
in the integral domain B/b, and thus A/b° is an integral domain.
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(a) An ideal a of A is contracted < a = a®® (while a C a®® holds for
every a).

(b) An ideal b of B is extended < b = b (while b D b° holds for
every b).

(c) We have a bijective correspondence

{ contracted ideals of A} <> { extended ideals of B }

given by a — a® and b® <= b.
Let S be a multiplicative subset of R. Recall the localization map R — S™'R,
r +— 7. Extensions and contractions will be taken below with respect to this
map (denoted ()¢ and ()€, respectively). We have explicit formulas for the
extension and contraction under the localiztion map:

(1) Extension: For an ideal a of R,
at = S1q
<~
2{%65*1R|a€a, sES}
The RHS is formed by thinking of a as an R-submodule of R, and
applying S~1(-). The equality follows since both a® and S~!'a are
equal to the smallest ideal of S™'R containing {4 | a € a} (check!).
(a) Thus a*® = J,cg (a:s) . Indeed, if r is in the RHS then
——
={reR|rse€a}
rs =a (in R) for some s € S, a € a, and thus 22 = ¢ (in S™'R),
that is, 7 = 4 ,1i.e. r € a®. In the other direction, if r is in
s

~—
€ac

the LHS then £ = ¢ (in S™'R) for some a € a, s € S, and so
u(rs — a) = 0 for some u € S, and thus rus = ua € a, and hence

recla: us
—~—
es
(2) Contraction: For an ideal b of S~ R:

bcz{reR|€eb}

(this is just the definition).

(a) Thus b = b: C holds for every ring homomorphism (not just
R — S7'R). Now, take £ € b. Then } € b. Thus 7 € b°. Hence
T €b% So L eb”

Below we will write spec R for the set of prime ideals of a ring R.

Proposition 4.16. Consider the localization map R — S™'R, r — T (which
is a ring homomorphism). Then:

(1) Every ideal of S™'R is extended.
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(2) An ideal a of R is contracted if and only if the image S of S in R/a
contains no zero divisors.

(3) a® = S~IR if and only if aN S # 0.

(4) We have a bijection

{p €specR|pNS =0}« specS'R
given by p — p© and q° < q.

Proof. 1) Follows since b = b°.

2) a is contracted & @ Cae ( SrNna#ld = reca )<
~ N , ——
=Uses(as) ¢>(0+a6§-(r+a)) <r+a=0+a

the image S of S in R/a has no zero divisors.
3)IfanS #0, takex €anS. Thena®> T =1.
In the other direction, if 1 € a€, then % = ¢ for some a € a, s € S, and thus
u(a —s) =0 for some u € S, and so _us = ua .
—~  ~~

es €a
4) In general (for every ring homomorphism), the contraction of a prime

ideal is a prime ideal. By (2), a prime ideal p of R is contracted < the image
of S'in R/p contains no zero divisors < pN S = (since R/p is an integral
domain). Thus, {p € spec R | p NS = (0} is the set of contracted prime ideals
of R, and the contraction map q¢ <~ q: spec R < spec S~ R is in fact a map:

{p€specR|pNS =0}« specS'R.

For q € spec ST'R, we have q° = q since every ideal of S~'R is extended.
For p € {p € spec R | pN S = 0}, we have p = p because p is contracted as
explained above. It remains to show that p® belongs to spec S~!R (when
pN S =0) By (3) we know that p is a proper ideal of S~'R. Now, take
122 ¢ §-IR 21,29 € R, 51,52 € S, such that % € p°. Then 122 = P

E’ So S182 t
for some p € pand t € S, and so _ut x1xrs = usisap for some u € S. Thus
~~ ~——
&p €p
x122 € p, and so x1 € p or 2o € p, and hence ”:—11 € pcor 95% € pe. O

141y the lecture, I proved this in a different way. Many thanks to the student who
suggested that it’s shorter to argue directly. For completeness, here’s the proof from
the lecture: The strategy is to show that (SflR) /p°¢ is an integral domain by showing
that it embeds in Frac(R/p). The composite map R — R/p — Frac(R/p) sends every
element of S C R to an invertible element of Frac(R/p), and thus gives rise to a ring
homomorphism ¢: S™'R — Frac(R/p) given by S ’;::_";
is contained in the subring S~ ' (R/p) of Frac(R/p), where S is the image of S in R/p.
Take Z € S™'R. Then Z € kerp < :frg =%in §71(R/p) < thereisu+p e S, ue s,
such that (w+p)(r+p) =0 < ur € p for some u € S & r € p (since p is prime and
u ¢ p). That is, kerp = {g |rep,se S} = p°, and so ¢ induces a a ring embedding

(ST'R) /p® < Frac(R/p).

We see that the image of ¢
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To show an application, we introduce some important definitions.
Definition 4.17. The radical of anideal I of Risv/I = {r € R|3In>1 " € I}.

Any radical (and in particular, the nilradical nil R = /(0), consisting
of all nilpotent elements of R) is an ideal of R: If 2™ € I and ¢’ € I then
(z +y)" " € I (since each term in the expansion of (z + y)"* is 2y/ where
i >mnorj>¢). Thus VI is closed under addition, and the rest of the proof

is trivial. Note that I c v/I. Note also that if J C I are ideals of R then
VI/J =1/J (check!).
Proposition 4.18. /T = Nrcpespec r P-

Proof. If & € /I then 2™ € I for some n > 0, and so 2" € p for every
p € spec R such that I C p, and thus = € p since p is prime.

Now, assume that z € R, = ¢ v/I. Then I # R, and so R/I # 0. Write
T for the image of x in R/I, and consider the localized ring (R/I),

——

{z"n>0}""(R/)
This ring is nonzero since 7 is not nilpotent (as x ¢ /1), and so (R/I). has
a prime ideal (because every nonzero ring has a maximal ideal). This prime
ideal corresponds to a prime ideal of R/I, disjoint from {Z" | n > 0}. Taking
the preimage in R, we obtain a prime ideal p of R, containing I and disjoint
from {z" | n > 0}, and in particular = ¢ p. O

4.4. Local properties.
Definition 4.19. A ring R is local if R has exactly one maximal ideal m.

When introducing a local ring, we often write (R, m) to give a name m to
the unique maximal ideal of R.

Example 4.20. Let p € spec R, and consider R, = (R \ p)flR. Write pR,
for the extension p® of p to R,. The prime ideals of R, are given (bijectively)
by extensions of prime ideals of R contained in p. In particular, all prime
ideals of R, are contained in pA,. Thus, (Ry,pRy) is a local ring. For
example, Z) = {% |a,beZ, 24 b} is a local ring whose unique maximal
ideal is (2)Z) = {3* | a,b € Z, 21b}.

For every R-module M, M, is a module over the local ring R,. The
purpose of this section is to reduce problems concerning general modules to
problems concerning modules over local rings. Later, we will develop tools
to deal with modules over local rings (such as Nakayama’s Lemma, which is
useful for finitely generated modules over local rings).

Remark 4.21. It is instructive to contrast R, with R/p. The prime ideals of
Ry, correspond to the prime ideals 12 that are contained in p. The prime ideals
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of R/p correspond to the prime ideals of R that contain p. If ¢ C p are prime
ideals of R, then the prime ideals of R,/qR, correspond to the prime ideals
of R between q and p. The same can be said about!® (R/q),- In fact, we
have a ring isomorphism Ry /qRy — (R/q),, § + Ry — %g, since localiztion
commutes with quotients. If we take p = q we obtain the ring x(p) = Ry /pR,,
which is a field since pR, is a maximal ideal of R,. We call k(p) the residue

field of R at p. Equivalently, we may set k(p) = (R/p)p = Frac(R/p).

Proposition 4.22 (Being zero is a local property). For an R-module M, the
following are equivalent:

(1) M =0.

(2) M, =0 for each prime ideal p of R.

(3) My =0 for each mazimal ideal m of R.

Proof. (1)=(2)=(3) is clear. Assume (3). Take m € M. Consider the

anni hilator ideal Anng(m) = {r € R | rm = 0}. It suffices to show that

Anng(M) = R because then 1 € Anng(M), ie. 1-m =0, and so M =0. So

it suffices to prove that Anng (M) is not contained in any m € mspec R. Fix
m _ 0

m € mspec I, and consider My = 0. There, F* = 7 and so um = 0 for some

u € R\m, ie. u € Anng(m)\m and so Anng(m) ¢ m. O

Remark 4.23. We shall require the following two observations regarding
localization: Let S C R be a multiplicative set, and f: M — N an R-linear

map. Consider the exact sequence 0 — ker f — M i) im f — 0. Since

S~1(-) is exact, 0 — S~ (ker f) — S M i S~1(im f) — 0 is exact,
and so:

(1) S~*(ker f) = ker(S~'f), and

(2) S7H(im f) = im(S71f).

Proposition 4.24 (Exactness is a local property). For a sequence A 7,
B-%. ¢ of R-linear maps between R-modules, the following are equivalent:

(1) A 1y B2 C is exact.
(2) Ap ELN B, LN Cy is exact for each prime ideal p of R.
(3) Am ELN B 225 Ch is exact for each mazimal ideal m of R.

Proof. (1) implies (2) since localization is an exact functor (Proposition 4.11),
and clearly (2) implies (3).

15T5 be formal, we should write (R/a),q for the localization of the ring R/q at the
prime ideal p/q, but we may also regard R/q as an R-module, localize to p to obtain the
Ry-module (1/q),, and define the ring structure on (R/q), in the natural way - the result

is isomorphic to (R/q),
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Assume (3). Then [im(g o f)], =im((go f),) = im(gm © fm) = 0 for every
m € mspec R. Thus im(g o f) = 0 by Proposition 4.22, i.e. go f = 0, namely
im f C kerg. Now (ker g/im f),, = (kerg),,/(im f),, = (ker gm)/(im fin) =0
for every m € mspec R, and thus kerg/im f = 0 by Proposition 4.22, i.e.
im f = kerg. O

We have the following immediate corollary:

Proposition 4.25 (Injectivity and surjectivity are local properties). For an
R-linear map f: M — N, the following conditions are equivalent:

(1) f: M — N is injective.

(2) fo: My — Ny is injective for every p € spec R.

(3) fun: My — Ny is injective for every m € mspec R.

and similary for “surjective” instead of “injective”.

Proposition 4.26 (Flatness is a local property). Let M be an R-module.
Then TFAE:

(1) M is a flat R-module.
(2) My is a flat Ry-module for all p € spec R.
(3) My is a flat Ry-module for all m € mspec R.

Proof. (1)=(2): We know that M, = R, ®r M as Rp-modules, and we know
that extension of scalars preserves flatness (Proposition 3.43).

(2)=-(3): Every maximal ideal is prime.

(3)=(1): Take an injective R-linear map f: N — P. Take m € mspec R.
Then fy: Nm — Pa is injective since injectivity is a local property. Thus
fm ®idpr, 1 N @R, M — P @R, My is injective by the assumption that
My, is flat. So (N ®g M), — (P ®pg M),, is injective'®. Since this is true
for every m € mspec R, and since injectivity is a local property, we deduce
that N ®r M — P ®gr M is injective. ]

Remark 4.27. One may ask: Is it always enough to verify local properties on
maximal (rather than prime) ideals? The answer is yes for every reasonable
property, where a property P of modules is reasonable!” if the following
always holds: (I) For every a ring R, if M and N are isomorphic R-modules,
then M has P if and only if N has P, and (II) For every pair of isomorphic
rings R' — R and R-module M, if M has P as an R-module then M has
P as an R'-module.

If you want to, prove that for a reasonable module property P and an
R-module M, if My, has P for all m € mspec R then M has P. You can

16hy the isomorphism S™'R ®r (N ®r M) = (ST'R®r N) ®g-15 (ST'R®r M),
S = R\ m, and similarly for P @ M
171 haven’t seen this terminology used outside this remark.
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also define what it means for a property of linear maps to be reasonable
(basically the same: say that Ri-linear maps f: M; — Nj and ¢g: Ma — No
are isomorphic if the sequences M; i> N7 and My AN Ny are isomorphic,
and imitate reasonability for module properties).

Remark 4.28. A property that passes from M to M, for all p € spec R is
called localizable. A property that holds for M whenever it holds for M, for
all p € spec R is called local-to-global. So, a property is local if and only if it
is both localizable and local-to-global.

Here’s a famous example that illustrates the use of local properties. It will
be stated and proved in the next example class. In a future example sheet,
you will use this result to find an interesting example.

Proposition 4.29. [ Covered in Example Class 2 | Let R be a ring such
that:

(1) Rm is a noetherian ring for all m € mspec R.

(2) {m € mspec R | x € m}| < oo for every 0 # = € R.

Then R is noetherian'®.

Proof. Take an ideal 0 # a of R. We want to show that a is finitely generated.

It suffices to find a finitely generated ideal b C a of R such that aRy, = bRy
~— =~

=0m bm

for all m € mspec R. Indeed, if that’s the case then consider the inclusion
map ¢: b — a (as an R-linear map between R-modules). We have that
tm: bm — Ay is an equality (in particular, surjective) for all m € mspec R.
Thus ¢ is surjective (as surjectivity is a local property), and so a = b, and
thus a is finitely generated.

Fix 0 # = € a. We partition mspec R as a union of 3 subsets:

M; = {m € mspecR | z ¢ m}
My={memspecR|zem af m}
M3 ={m € mspecR | a C m}

For m € M, we have (z) € m and a € m, and so (2)Ry = Ry = aRn.
For m € My, fix 2™ € a\ m. Then (aj(m)) ¢ mand a ¢ m, and so
(20™) Ry = Rin = aRn.

For m € M3, the ideal aRy, is finitely generated (since Ry, is noetherian) by

some %, R Z—;ﬂ a; € a, s; € R\m. Then aRy, is also generated by 4, ..., .
Let a™ = (aq,...,a;). Then a™ Ry = aRy,.
c
a

18There are non-noetherian rings A such that A is noetherian for all m € mspec A.
That is, the second condition cannot be dropped.
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Let b = () + > e (Cﬂ(m)) + D mels aim). Then bRy, = aRy, for all
Ca Cva a

m € mspec R. By our hypothesis, My and Ms are finite sets (their union is

the set of maximal ideals of R that contain z). Thus b is the finite sum of

finitely generated ideals, and so b is finitely generated.
O

Example 4.30 (Freeness is not a local property). An R-module M is
locally free it M, is a free Ry-module for all p € spec R. Take R = C x C.

Then'?, spec R = ¢ C x {0},{0} x C 3. What is Ry, ? It is S~!(C x C) for
——— ——

=1 =p2
S =C x (C\ {0}). The ring homomorphism C x C — C given by (z,y) — y

maps all elements of S to units, and thus we have a ring homorphism

o: Ry, — C, @(%ﬁzz))) = 4. Clearly ¢ is surjective. Its kernel consists of

all elements of the form Eﬁ’gg But elements of the latter form are equal to

Y since (0,1) -(z,0) = 0. Thus ¢ is an isomorphism, and R,, = C as rings.
——

es
Similarly, Ry, = C. That is, R is locally a field (in fact, locally C). Thus,

every R-module is locally a vector space (in particular, locally free). If we
can find one R-module M that is not free, then M will be locally free but
not free.

Consider M = C x {0}. Then M is an ideal of R, and hence an R-module.
But M is not free: For all (x,0) € M we have (0,1) - (z,0) = 0, and so the
empty set () is the only R-linearly independent subset of M, but it clearly
does not span M.

Remark 4.31. | non-examinable | It is more interesting to see an example
of an integral domain R and a non-free locally free R-module M: The ideal
M = (2, 1+ \/—75) of the integral domain R = Z[\/——5} is projective (since
it is a direct summand of R @ R), and thus M, is a projective R,-module for
each p € spec R. But projective modules over local rings are free, and thus
M is locally free. However, M is not free because it is an ideal of R which is
not principal (we’ve seen that if z € A is not a zero divisor, A a ring, then
a— ax: A — (z) is an R-linear isomorphism, and thus (z) is free of rank 1;
it is clear that the ideal (0) of A is free of rank 0; it is a fact that these are
the only examples of ideals of A that are free - can you prove this?).

191 general, the ideals in a finite product [, R; of rings are exactly the subsets
[T, Ii, where I; is an ideal of R;. The prime ideals of [[!"_; R; are exactly [[_, I; as
above, where I;, is prime for one ig, and I; = R; for all ¢ # ip. You should prove this if
you haven’t seen this in a more basic course.
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We have discussed local properties of modules. What about rings?

Example 4.32. A ring R is reduced if 0 is the only nilpotent element of R
(i.e. 4/(0) =(0) in R). You will show in the example sheet that if R is a ring
such that R, is reduced for all p € spec R then R is reduced. However, being
an integral domain is not a local property of rings.

4.5. The localiztion of a ring as a quotient. Let .S be the multiplicative
closure of a subset U of R. We constructed S™'R as a set of equivalence
classes. Here we give another construction satisfying the same universal
property (thus the new construction is necessarily isomorphic to S™'R).

Consider the R-algebra R[{T,},cy]- This is a polynomial R-algebra with
one variable T, for each element of U. Now consider the quotient

Ry = R{Tu},ey]/ ({uTu — 1} ,ep) -

:IIU

This is the quotient of our R-algera by the ideal I;; generated by the elements
of the form T, — 1, w € U. The image u and T,, of uw and T, in Ry satisfy
w- T, = 1. In this sense, Ry is obtained from R by “adding inverses” to the
elements of U. We will see that Ry = S™!'R as rings.

We have a ring homomorphism ¢: R — Ry sending r — r 4 Iy. Take a
ring homomorphism f: R — A such that f(u) is a unit for each u € U. We
want to show that there is exactly one ring homomorphism h: Ry — A that
makes the following diagram commute:

R ' Ry
T

¥
A

We can think of Ry and A as R-algebras via ¢ and f, respectively. Then, the
diagram commutes if and only if the ring homomorphism h is an R-algebra
homomorphism. We claim that there is exactly one R-algebra homomor-
phism Ry — A. Indeed, an R-algebra homomorphism R[{TU}uEU] — Ais
determined uniquely by the images of {T%},.y; (and must send r — f(r)
for all » € R), while R-algebra homomorphisms Ry — A correspond to R-
algebra homomorphisms ®: R[{T,},c;| — A that vanish on {uT, — 1}y,
ie. ®(T,) = (®(u) ™" for all u € U, ie. ®(T,) = (f(u))"*. There is
exactly one such @ since f is given. Thus there is exactly one R-algebra
homomorphism h: Ry — A. It is given by h(p+ Iy) = (p |Tu<—(f(u))*1>

for all p € R[{Tu},cr]- Thus the pair (Ry, ) satisfies the universal prop-
erty of (S_IR, Ls—lR), and so Ry = SR by a ring isomorphism sending
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T
UL Up N

p+Iy—p \TM_(f(u))ﬂ and r Hf:1(Tui + Iyy) + Clearly, this ring iso-
morphism is an R-algebra isomorphism (viewing Ry and S™'R as R-algebras
via ¢ and tg-1p, respectively).

An important special case is when U = {u} consists of a single element.
Then S = {u™ | n > 0} and we denote S™!R by R, as before. We record our

conclusion in this special case:
Lemma 4.33. Let u € R. Then

Ry, — R[T/(uT — 1
[T/ (uT —1)
={un|n>0}"'R
by an R-algebra isomorphism sending o v+ rT" + (uT — 1) and p(%) i
p+ (uT —1), p € R[T].

Remark 4.34. For each of M @z N and for S™!R, we have constructions by
means of a quotient of a huge object by another huge object. To construct
M ®gr N we took the quotient a huge free module by a huge submodule. In
the case of STIR we took (here in this subsection) the quotient of a huge
polynomial algebra by a huge ideal. The quotient in each case was shown to
satisfy a universal property. In these two cases, the universal properties were
useful in order to understand morphisms from M ®r N and S™!'R into other
objects. But it is useful to have additional constructions of the same objects.
In the case of M ®r N, we studied a set of tools to understand M ®gr N
explicitly in special cases. In the case of ST'R, we started in fact with the
more explicit construction (in terms of equivalence classes on pairs). The
explicit construction of S~'R allowed us, for example, to study extension
and contraction of ideals for the localization map R — S™!R (this would
have been difficult to do directly using the universal property, which deals
with morphisms from S~!R to other rings).

5. NAKAYAMA’S LEMMA

Nakayama’s lemma is a simple yet powerful tool for studying finitely
generated modules. It is particularly useful for finitely generated modules
over local rings.

Proposition 5.1 (Cayley-Hamilton). Let M be a finitely generated R-
module. Let f: M — M be an R-linear map. Let a be an ideal of R such
that®® f(M) C aM. Then there isn > 1 and a1, ...,a, € a such that

ffraf" o tanf'=0

204 is the submodule of M generated by {am | a € a,m € M}
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(an equality in Endr(M) = Hompg (M, M), where f* is f composed with
itself k times).

Proof. Take a generating set {mi,...,m,} for the R-module M. Each

element of aM is an a-linear combination of my, ..., my,. Since f(M) C aM,
we have

f(ma1) mi
(5.1) : =P

for some matrix P € M,x,(R) with entries in a.

The R-module M is defined by some structure ring homomorphism p: R —
End M. This makes End M into a (noncommutative) R-algebra. An R-
algebra homomorphism R[T| — End M is determined by the image of T,
and every choice of image for T extends to an R-algebra homomorphism?!.
We send T to f. Thus M becomes an R[T]-module, where R acts on M as
before, and T'm = f(m) for all m € M.

Then (5.1) can be written in the form:

mi mi
(5.2) T : =P
My mp
mi
That is, the matrix @Q =T - I, — P € M, xn(R[T]) satisfies @ f =0,
My
where I, € M, xn(R[T]) is the identity matrix. Multiplying both sides by
my
the adjugate matrix adj @ on the left, we have (det Q) : = 0. Thus,
My

det @ |m =0 for all m € M (since my,...,m, generate the R-module M).
[T}
€R

In other words, the image of deg @ € R[T] in End M, obtained by substituting
f for T', is the zero endomorphism. But det ) is a monic degree-n polynomial,
where the coefficients of T°,..., T" ! are in a (since the entries of P are in
a). O

211f we wanted to generate an R-algebra homomorphism R[Ti,...,T,] — B for some
non-commutative ring B, we would have to make sure that the images of Ti,...,T),
commute. But with only one variable this is not an issue.
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Corollary 5.2. Let M be a finitely generated R-module, and let a be an ideal
of R such that aM = M. Then there is a € a such that am = m for all
me M.

Proof. Apply Proposition 5.1 with f =idy;. Then (1 +a; +--- + ay,)idy =
0 in Endr(M), a; € a. Set a = —(a1 + -+ + an). O

Definition 5.3. The Jacobson radical J(R) of the ring R is the intersection
of all maximal ideals of R.

Example 5.4.
(1) For a local ring (R,m), J(R) = m.
(2) J(Z) = {0} (0 is the only integer divisible by all prime numbers).

Proposition 5.5. z € J(R) if and only if 1 —xy is a unit in R for all y € R.

Proof. If there is y € R such that 1 — zy is not a unit, then 1 ¢ (1 — xy),
and so (1 — xzy) C m for some maximal ideal m of R. If x € J(R) then z € m
and so z + (1 — zy) € m, a contradiction.

—_————

If z ¢ J(R) then z ¢ m for some maximal ideal m of R, and thus
m+(z) = R, ie. t+ay=1forsomet € mand y € R. Thus, l —zy =t € m,
and so 1 — zy is not a unit. O

Proposition 5.6 (Nakayama’s lemma). Let M be a finitely generated R-
module, and a C J(R) an ideal of R such that aM = M. Then M = 0.

Proof. By Corollary 5.2, there is a € J(R) such that am = m for all m € M,
ie. (1 —a)m = 0. By Proposition 5.5, 1 — a is a unit of R, and thus m =0
(for all m € M). O

Corollary 5.7. Let M be a finitely generated R-module, N C M a submodule,
a C J(R) an ideal of R such that aM + N = M. Then*® N = M.

Proof. We have a(M/N) = [ aM + N | /N = M/N, and so M/N = 0 by
=M

Proposition 5.6. O

As you can see, the larger the Jacobson radical - the more useful Nakayama’s
lemma is. It is most useful for a local ring (R, m) since J(R) = m is very
large. You will study further applications of Nakayama’s lemma in Example
Sheet 3, and also later in the course. For example, you will be asked to
prove that if M is a finitely generated module over a local ring (R, m) and

221 remember this corollary as “J(R)M is small when M is finitely generated”. It is
small in the sense that J(R)M + P will never be all of M if P is a proper submodule of M.
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{z1 +mM,... x, + mM} is a spanning set for the R/m-vector space M /mM,
then {x1,...,2,} generates M. This is useful because often vector spaces
are easier to understand than more general modules.

6. INTEGRAL AND FINITE EXTENSIONS (PART I)

Definition 6.1. Let A be an R-algebra. An element x € A is integral over R
(or R-integral) if there is a monic polynomial f € R[T] such that f(z) = 0.

Recall that = € A is R-algebraic if there is a polynomial (not necessarily
monic) f € R[T] such that f(x) = 0. So every integral element is algebraic.

Example 6.2.

(1) If K is a field and A is a K-algebra, then z € A is K-integral if and
only if x is K-algebraic.
(2) Later we will show that:
(a) The set of Z-integral elements in Q is exactly Z. But all elements
of Q are Z-algebraic (indeed, for a,\b’_/ € Z, § is a root of

£0
bT —a € Z[TY).

(b) The set of Z-integral elements in Q(v/2) is Z[v2].
1+V5

2

~————
2Z[V3]

(c) The set of Z-integral elements of Q(\/g) is Z

Definition. An R-module M is faithful if the structural ring homomorphism
R — End M of M is injective (i.e. for every 0 # r € R there is m € M such
that rm # 0).

Example 6.3. If R C A are rings then A is an R-algebra, and so A is also an
R-module. In fact, A is a faithful R-module: If 0 #r € Rthenr-14 =7 # 0.

Lemma 6.4. Let R C A be rings and x € A. Considering R[z] C A, we see
that A is also an Rlx]-module. Then x is R-integral if and only if there is
M C A such that both of the following condition hold:
i) M is a faithful R[x]-submodule of A, i.e.,
(a) M is an R-submodule of A.
(b) M C M.
(c) For all 0 # p € R[x| there is m € M such that pm # 0.
i) M is finitely generated as an R-module.

Proof. First, assume that (i) and (ii) hold. Since xM C M, we have an
R-linear map f: M — M, f(m) = xm. Since M is finitely generated over R,
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Cayley—Hamilton gives us:

(6.1) 4+ f°=0  (in Endg M)

for some r1,...,r, € R, n > 1. Take any m € M and evaluate both sides of
(6.1) at m:

(6.2) (2" +rz" '+ ra’)ym =0

Since (6.2) holds for all m € M, and since M is faithful as an R[x]-module,
this means that
g+ b =0,
that is, = is R-integral.
In the other direction, assume that z is R-integral. Then z™ + r12" ! +
co.+7,2° = 0 for some n > 1 and ry,...,7, € R. Thus, the finitely
generated R-submodule M = spanR{xO, . ,x"_l} of A satisfies tM C M

(since z - 2"t = —(riz" ' + ... 4+ rpa?)). That is, M is an R[z]-submodule

of A. Furthermore, M is a faithful R[z]-module because 14 € M and
—20

p-la=p#0foral 0+#pe R[z]. O

Definition 6.5. Let A be an R-algebra.
(1) A is integral (over R) if every a € A is R-integral.
(2) Ais finite (over R) if A is finitely generated as an R-module.

Proposition 6.6. Let A be an R-algebra. The following conditions are
equivalent:
i) A is a finitely generated integral R-algebra.
ii) A is generated as an R-algebra by a finite set of R-integral elements.
iii) A is a finite R-algebra.

Proof. (i) = (ii): Clear.

(ii) = (iii): Let ai,...,am € A be R-integral elements that generate A
as an R-algebra. Then A = spang{af'---afm |e; > 0}. Since each «; is
R-integral, we have

-1
+---+7“i,m04? =0

i + i
for some n; > 1, 71,...,7in, € R (for each 1 < ¢ < m). Thus " €

spanR{a?"_l, . ,a?}. Hence (check!) af' ---afm € spang {a{l ceadm |0< fi <my — 1}

for all e1,..., ey, > 0. Thus the finite set S generates A as an R—module._vs

(iii) = (i): Since A is finitely generated as an R-module, it is also finitely
generated as an R-algebra (by the same generating set). It remains to
show that every a € A is R-integral. Write p: R — A for the structure
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homomorphism of A as an R-algebra, and consider its image p(R) C A and
the subring (p(R))[«] of A. Then A is a (p(R))[a]-module. In fact, 1 € A and
so A is a faithful (p(R))[a]-module (as discussed above), finitely generated
as an R-module, and thus « is p(R)-integral by Lemma 6.4 (and hence « is
R-integral: check!). O

Proposition 6.7. Let A be an R-algebra, and let O be the set of R-integral
elements of A. Then O is an R-subalgebra of A.

Proof. If x,y € O then the R-subalgebra generated by {x,y} is R-integral
by Proposition 6.6[(ii)=(i)|]. Thus = +y,zy € O and {r-14},.p C O. So O
is an R-subalgebra of A. O

Proposition 6.8 (Transitivity of finiteness and integrality). Let A C B C C
be rings.
i) If C is finite over B and B is finite over A, then C is finite over A.

ii) If C is integral over B and B is integral over A, then C' is integral
over A.

Proof. (i) Write C' = spang{v1,...,Y}, % € C,n > 1,and B = span4{f1, ..., B¢},

Bi € B, £ > 1. Take ¢ € C. Then ¢ = byy1 + -+ + bpVn, by € B,
and b, = a;181 + -+ aiebe, a; € A. Soc = >, Z§:1 a;jvifB;j. So
C =spany{vif; | i <n, j < ¢}, and thus C is finite over A.

(ii) Let ¢ € C. We need to show that ¢ is A-integral. There is a monic
polynomial f =T" + 0 T" ! +--- +b,T° € B[T], n > 1, b; € B, such that
f(¢) =0. Then f € Alby,...,b,], and so c is integral over A’. By Proposition

T
6.6[(i1)=-(iii)], A’[¢] is finite over A’, and A’ is finite over A. Thus A’[c] is
finite over A by (i). Thus c is integral over A by Proposition 6.6[(iii)=-(i)]. O

Definition 6.9. Let A be a ring.
(1) If A C B (rings):
(a) The integral closure®® of Ain Bis A = {b € B | b is integral over A}.
(b) A is integrally closed in B if A= A.
(2) If A is an integral domain:
(a) The integral closure of A is the integral closure of A in Frac A.
(b) A is integrally closed if A is integrally closed in Frac A.

Example 6.10. Z[\/ﬂ is not integrally closed because o = (1+2\/5) €

Q(ﬁ) \Z [\/a is a root of T2 — T — 1, and is thus Z[\/a -integral.
——

~rrac(2[ /3

23By Proposition 6.7, A is an A-subalgebra of B.
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However, Z and k[Th,...,T,] are integrally closed by the following propo-
sition.

24

Proposition 6.11. Fvery unique factorization domain®* is integrally closed.

Proof. Let A be a UFD. Take x € Frac(A) \ A. Then z = ¢ for a,b € A,
b # 0, such that p | b, p t a for some prime element p of A. If z is integral
over A then

(a/b)" + a1(a/D)" ' + ... + an(a/b)’ =0
for some azy,...,a, € A. On multiplying by 0", we see that:
a = —b(ala”_lbo - - anaobn_l) .
Thus p | a™ and so p | a, a contradiction. O

Lemma 6.12. For rings A C B, the integral closure A of A in B is integrally
closed in B.

Proof. If z € B is integral over A then A C A C Alx] are both integral
extensions (for the second inclusion, use Proposition 6.6(ii)=-(i)]). Thus
A C Alz] is an integral extension by Proposition 6.8. So x is A-integral, and
thus 2 € A by the definition of A. O

Proposition 6.13. Let A C B be rings. Then:

i) If B is integral over A:
(a) B/b is integral’® over A/ \b; for every ideal b of B.
=bNA
(b) S7IB is integral’® over ST'A for every multiplicative subset
S CA.
ii) If A is the integral closure of A in B and S—1A is the integral closure
of STYA in ST'B, then S—1TA = S~'A.
(from this (i-b) follows immediately, but the proof will use (i-b))

24Recall that A is a UFD if A is an integral domain such that every 0 # x € A can be
written as a product of irreducible elements, and this representation of z is unique up to
reordering and multiplying the factors by units. Recall: In a UFD an element is irreducible
if and only if it is prime.

25The composite ring homomorphism A < B — B/b has kernel b° = bN A, and thus
gives rise to an injective map A/b° — B/b.

26Here S is a multiplicative subset of A, and so also of B. In general, the image of a
multiplicative subset under a ring homomorphism is multiplicative.

Let’s be extremely pedantic regarding why we can view S~ A as a subring of S~! B given
what we’ve proved previously (we’ve only discussed a similar thing in relation to modules,

a

not rings): View A and B as A-modules. Then we've seen that S™'4 — S™'B, T 2is
an injective S~1 A-linear map, and clearly this injective function is a ring homomorphism.
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Proof. (i-a) Write ¢: A/b° — B/b for the natural inclusion ¢(a + b¢) = a + b.
Take b+b € B/b. Then b" +a1b" ' +--- +a,b" = 0 for some n > 1, a; € A.
Reduce modulo b:
(b+06)"+ (a1 +6)(b+b6)"" 4+ 4 (4, +b)(b+b)° =0
~——

=t(a1+b¢) =t(an+b°)

|

and so b+ b is integral over A/b°.
(i-b) Take g € S7'B. Then b" + a1b" ' + -+ - + a,b° = 0 for some n > 1,
a; € A. Apply the localization map B — S™'B, b+ %, and then multiply

by Sin:
DRIC O REIO e
s s \ s s?\ s s\ s
that is, g is integral over S1A.

(ii) By (i-b), S™1A is integral over S~1A. Now, take 2 € S~!B, integral
over ST'A. Then

() () e () () -

for somen>1,a; € A, s; € S. Let t = 81 - - s, and multiply both sides by
(st)™:

=
N

t! "
(th)" + <51a1> )"+ <8"an> (th)"
S1 Sn _ Y
1 1
and so there is v € S such that ua = 0. Thus v"a = 0 and so
1 n

t t
(utb)™ + (ulslal) (uth)" t 4+ (u”s”an> (uth)’ =0 .

S1 Sn

So uthb € A, and so%z“—tbes_lz. O

uts
Lemma 6.14. Let A C B be an integral extension of rings. Then:
i) ANB* = A* (where R* is the group of units of a ring R).
ii) If A and B are integral domains:
B is a field if and only if A is a field.

Proof. (i) The D inclusion is clear. To prove C, take a € AN B*. Then there

is b € B such that ba = 1, and we want to show that b € A. Since b is integral

over A, there are ai,...,a, € A such that b® + a1b" 1 + ... + a,b? = 0.

Multiply both sides by a” ! to see that b+ a1 + asa + aza® + - - - + ana™ ' =
€A

0, and thus b € A.
(ii) If B is a field then, using (i), A = ANB* = An(B\ {0}) = A\ {0},
and thus A is a field.
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Assume that A is a field. Take 0 # b € B. We need to show that b has an
inverse in B. Since b is integral over A, there are ay,...,a, € A, withn > 1
minimal, such that

W'+ a b 4+ and’ =0
That is,

bl ' +a " 2+ tan | = —a, .

=A
Now, A # 0 by the minimality of n, and b # 0 by assumption. Thus a,, # 0
because B is an integral domain, and so a, has an inverse a,;! € A because
Ais a field. Thus b(—a,;*A) =1. O

Corollary 6.15. For an integral extension of rings A C B and a prime ideal
q of B, qN A is a maximal ideal of A if and only if q is a mazimal ideal of B.

Proof. The kernel of the composition A — B — B/q is q N A and hence
induces an embedding A/(qN A) < B/q. Now, qN A is a prime ideal of A,
and so A/(qN A) and B/q are integral domains. Also, B/q is integral over
A/(qN A) by Proposition 6.13 since B is integral over A. By Proposition
6.14, A/(qN A) is a field & B/q is a field. Hence q N A is maximal < q is
maximal. (]

7. NOETHER'S NORMALIZATION THEOREM AND HILBERT’S
NULLSTELLENSATZ

7.1. Noether’s normalization theorem.

Definition 7.1. Let A be an algebra over a field k. Then z1,...,x, € A are

k-algebraically independent if p(z1,--- ,z,) # 0 for every nonzero polynomial
pE k[Tl, R ,Tn].

Equivalently, x1,--- ,z, are k-algebraically independent if the k-algebra
homomorphism k[T4,...,T,] — A, T; — z;, is injective (and is thus an
isomorphism k[TY,...,T,] — k[x1,...,2,], where k[z1,...,x,] is the k-

subalgebra of A generated by x1,--- ,xy).

Theorem 7.2 (Noether’s normalization theorem). Let A # 0 be a finitely
generated algebra over a field k. Then there are k-algebraically independent
X1,...,on € A, n >0, such that A is finite over A" == k[x1,...,x,].

Example 7.3 (Example of the proof method). Consider?” A = k:[T, T_l],
k a field. Then k[T] C k[T,T~'] is not a finite extension. Indeed, 7!
is not integral over k[T]: If T~ were integral over k[T] then (T~1)" €

2Tk [T, 7] 2 k[X,Y]/(XY — 1) as k-algebras.
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spanyr) { (T_l)o, ey (T_l)n_l} for some n > 1, and so, multiplying by 1T,
we have 1 € spank[T]{T", 1 .. ,Tl}, a contradiciton.

However, choose a scalar ¢ € k. Then the set {T, Tt — CT} generates A as

a k-algebra since T~! = ¢T'+ (T‘1 — cT). We will show that & [T‘l — cT] C

k [T, Tfl] is a finite extension (unless we are very unlucky in the choice of

——
—k[T—'—¢T)[T)
c). We just need to show that 7' is integral over k[T~! — ¢T'| (by Proposition
6.6). Our method is:
(1) Consider the equation T-'T'—1 = 0, holding in the algebra k[T, T7].
(2) Express the equation in the variables {T, 71— cT} rather than
{T, T_l} by subtracting and adding ¢T" to T

(T7'=eT)+enT-1=0.
(3) Expand the parentheses:

TPt - T 1, =0.

—-1_

(4) As long as we choose ¢ # 0, we can divide by ¢ and see that T is
integral over k:[T_l — CT].
The proof of Noether’s normalization theorem relies on the idea above,
together with an induction on the number of generators of A.

Proof of Noether’s normalization theorem. We give a proof that assumes that
the field k is infinite®®.

Proof strategy: Induction on the minimal number of generators of A as
a k-algebra.

Base case (0 generators): A =Fk. Set n =0, A’ = A.

Induction step: Assume that {zi,...,z,} C A generates A as a k-
algebra, and that the theorem holds when A is generated as a k-algebra by a
set with less than m elements.

If z1, ..., x,, are algebraically independent over k, we are done. Otherwise,
we shall see that dcy,...,¢n—1 € k such that x,, is integral over the k-
subalgebra B = k[r1 — c1Zpm, ..., Tm—1 — Cm—1Zm] of A. Then A is finite
over B because A = B[xz,,]. By the induction hypothesis, B is finite over
some A" = k[z1,..., 2], where z1,..., 2, € B are algebraically independent
over k. Thus A is finite over A’ by the transitivity of finiteness.

Remains to show Claim: dcy, ..., ¢n—1 € k such that x,, is integral over
B. Proof of claim: Take a polynomial 0 # f € k[T1,...,T,], r == deg f,
such that f(x1,...,2,) =0 (f exists since z1, ..., T, are not algebraically

283ee Mumford’s Red Book or Wikipedia for Nagata’s proof that works for every field.
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independent over k). Write f as the sum of its homogeneous parts (e.g.,
f = (TfTo + 3T5) + (20T + ToT3) + (T + T3) + 1). Let F be the part
degree 7 (the highest degree).

For ¢1,...,¢m—1 € k (to be chosen later), we have
f(Tl + Cle, . aTm—l + Cm_le, Tm) :F(Cl, ey Cm—1, 1)T;L
::g(T;’...,Tm)

+ {terms of degree < r in T,,}

Above, the coefficient F(ecy,...,¢m—1,1) of T is in k, while those of the
lower powers of T,, are in k[T7,...,T—_1].
We have defined a polynomial g € k[T1,...,T,,] such that

g1 — ATm,y o Tl — C—1Tm, Tm) = f(T1,...,Zm) = 0.
Treating g as a polynomial in T}, over k[T, ..., Ty—1], the coefficient of T,
in g is the scalar F(ci,...,¢n-1,1) € k, and the degree of g is at most r.

Thus x,, is integral over B if F(cy,...,¢m-1,1) # 0.
Luckily, F/(T1,...,Tm-1,1) is not the zero polynomial because F(T1,...,Ty)

is a nonzero homomogeneous polynomial?’. Thus Jei,...,em-1 € k such
that F(ci,...,cm_1,1) # 0 (since k is an infinite field3). O
Remark 7.4. The proof above of Theorem 7.2 shows that for a finitely
generated k-algebra A = kl[t1,--- ,ty] (k an infinite field), there is a matrix
1 % =
P = 0 . x € Myy¢(k) such that, for the elements xy,...,zy €
0 0 1
x1 t1
A given by : = P| : |, we have A = k[zy1,...,z4] (since P is
Ty ty
invertible), x1,...,x, are k-algebraically independent for some 0 < n < ¢,
and A is finite over k[z1,...,2,]. [ non-examinable from here to the

end of this remark | The proof gives the feeling that “almost” every P
works (at each step of the induction, we only needed to take scalars that are
not a root of a certain nonzero polynomial - almost every choice of scalars
works by Schwartz—Zippel). Arguing more carefully (but still according to
the general strategy of the proof given above), one can show that there is a
polynomial A in the (5) variables corresponding the entries above the diagonal
in P, such that if P is upper triangular with 1-s on the diagonal and h(P) # 0
then x1,...,x, are k-algebraically independent for some n > 0, and A is
finite over k[z1,...,x,]. In this situation, we say that a general P works

2%0u’ve seen this in Example Sheet 1, and showed that homogeneousity is needed.
30You've seen this too in Example Sheet 1: The Schwartz—Zippel Lemma.
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(people often say generic instead of general) to mean that all P work except
for the zeros of some nonzero polynomial. This kind of genarality can often
be related to the notion of a generic point of a scheme. This polynomial A
exists for any field k (even a finite field), but if & is finite and too small, it
is possible that there is no P with h(P) # 0. It is not much harder to give
a proof of Noether’s normalization theorem that works over any field: the
linear change of variables is replaced by a polynomial change of variables.
See Nagata’s proof in Mumford’s Red Book or on Wikipedia.

Remark 7.5. [ non-examinable | For algebras over, say, C, the geometric
meaning of Noether’s normalization theorem is as follows: Let X be an
algebraic subset of A7. Consider the map X — AZ AN AZ 5 A4 where
T is a C-linear isomorphism and 7 is the projection map w(x1,...,z,) =
(x1,...,24), d = dim X. The theorem says that for most 7' (in partic-
ular, for at least one T'), the resulting map X — Aflc is a finite map
with Zariski-dense image. This means exactly that the corresponding map
C[Ty,...,Tq) = C[Ty,...,T,]/I(X) in the category of C-algebras is an injec-
tive finite C-algebra homomorphism. Being finite, the map f: X — Afic has
some wonderful properties: It maps closed sets to closed sets (a closed map).
So it must be surjective. Finiteness also implies quasi-finiteness: Every fiber
f1(y), y € AL is finite (and non-empty since f is surjective). Finite maps
are also dimension-preserving, and so f maps each irreducible component
C of X to an irreducible algebraic set of the same dimension (the image of
C is closed since f is a closed map; irreducibility is preserved anyway by
any polynomial map). If we take one more variable and consider the map
ClTy,...,Tay1] = C[Ty,...,T,)/I(X), it is clearly still finite, but not longer
injective. Geometrically it means that the corresponding map g: X — A%H
is finite, but no longer surjective. Still, g is closed and preserves the dimen-
sion of each irreducible component, and so if X is an irreducible algebraic
set of dimension d, then g(X) is an irreducible algebraic subset of Afgfl of
dimension d, i.e. an irreducible hypersurface. This is useful because every
hypersurface is the zero locus of a single polynomial.

7.2. Hilbert’s nullstellensatz.

Proposition 7.6 (Zariski’s lemma). Let k C K be fields, where K is finitely
generated as a k-algebra. Then K is a finite k-algebra (i.e., dimyg K < 00).

Proof. By Noether’s normalization theorem, K is finite over a k-subalgebra
A = k[z1,...,2q], d > 0, where x1,...,24 € K are algebraically independent
over k. Since A and K are integral domains and K is a field, Lemma 6.14
says that A is a field as well. Thus d = 0 (because a polynomial algebra in
more than 0 variables is never a field because the variables are not units). O
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From now on, let k£ C € be fields, where €2 is algebraically closed.

Definition 7.7.
(1) Let S be asubset of k[T1,...,T,]. Then V(S) ={x € Q" | f(x) =0Vf e S}.
A set of the form V(95) is called a k-algebraic subset of Q" (or an
algebraic subset of Q™ defined over k).
(2) Let X be a subset of Q™. Then

Clearly, if a is the ideal of k[T, ..., T},] generated by S then V(a) = V(5).

Remark 7.8. An algebraic subset X of Q™ (without the k- prefix) is defined
to be an Q-algebraic subset of Q" (i.e., setting k = Q). Every k-algebraic
subset of 2™ is an algebraic subset of Q". But {i} is an algebraic subset of
C! which is not an R-algebraic subset: A polynomial f € R[T] such that
f(i) = 0 must satisfy f(—i) = 0, so every R-algebraic subset of C! that
contains ¢ must also contain —i. Thus the k- prefix adds information. Note
that for ¢T" € C[T], V({iT}) = V({T}) = {0}. So, {iT} gives rise to an
———
cct
R-algebraic subset of C! even though the coefficients of i7" are not in R.
| non-examinable from here to the end of the remark | Assume
that chark = 0. Given fi,..., fs € Q[T1,...,T,], generating an ideal a of
Q[Ty,...,T,], there are algorithmic ways to start from fi,..., fs and generate
a certain generating set for a called a reduced Groebner basis g1, ...,gt € a.
Let k be the smallest subfield of §2 that contains all of the coefficients g1, ..., g;.
Then a is generated by polynomials over k (clearly), and the coefficients of
any generating set of a generate a subfield of ) that contains & (this requires
a proof). So, k is the smallest subfield of €2 such that the algebraic subset
V(a) of Q" is a k-algebraic subset of Q™. The proof of this algorithmic
observation relies on Galois descent. Here’s an example: For o € Gal(C/R)
and x = (z1,...,2,) € C", let ox = (0(x1),...,0(zy)). For a subset X of
C™let X = {o(x) | x € X}. So Gal(C/R) acts on the collection of subsets
of C™. It clearly sends a C-algebraic subset to a C-algebraic subset. Now,
set n = 1 and consider the action of Gal(C/R) = {id,7} on C!. Then
7{i} = {—i} # {i}. Thus, the subgroup of Gal(C/R) of elements that fix {i}
is exactly H = {id} (the important notion here is fixing setwise, not pointwise,
but here we have a singleton anyway). Under the correspondence between
fields between R and C and subgroups of Gal(C/R), H = {id} corresponds
to C. So the smallest field k& between R and C such that {i} is k-algebraic
is k = C (I did not prove this observation regarding Galois groups). This
works in general, and is often employed in classic algebraic geometry with
Gal(@alg / Q) to find the smallest extension of Q that enables to define a



COMMUTATIVE ALGEBRA 72

given Q¥&-algebraic set (Q# is the subfield of C of algebraic numbers over
Q). These Galois considerations can be used to show that for a given ideal a
of Q[T1,...,T,], the intersection of all subfields k& of  such that a can be
defined over k is itself a field over which a can be defined (an observation of
Weil). This is the field of definition of a. As mentioned earlier, these Galois
considerations are used to prove the algorithmic observations above regarding
reduced Groebner bases and fields of definition.

Recall, from field theory, that if & C L is a finite field extension (i.e.
dimy, L < oo) then there is an injective k-algebra homomorphism ¢y : L — Q.
That is, €2 contains contains a copy of each finite extension L of &, such that
the inclusions of k£ in L and in §) are compatible (i.e. restricting ¢y, to k
results in the inclusion map k C Q).

Theorem 7.9. Let a be an ideal of k[T},...,T,]. Then

i) Weak Nullstellensatz: V(a) =0 if and only if 1 € a.
ii) Strong Nullstellensatz: \/a =1(V(a)).

Proof. (i) Clearly V(a) = 0 if 1 € a. Conversely, assume that 1 ¢ a. Take m €
mspec k[T, ..., T,] such that a C m. Then k[T, ...,T,]/m is a field, finitely
generated as a k-algebra. Thus dimy, k[T, ..., T,]/m < oo by Proposition 7.6.
Hence, we have an injective k-algebra homomorphism k[T1,...,T,]/m — €.
Composing with the quotient map k[T1,...,T,] — k[T1,...,T,]/m, we obtain
a k-algebra homomorphism

Q: k[Tl,...,Tn] —Q

such that ker¢p = m. Recall that a k-algebra homomorphism ¢ from
k[Ty,...,T,] is determined uniquely by the images of Ty,...,T,. More
explicitly, we have ¢(f) = f(x) for x == (¢(T1),...,9(T,)). Thus, for all
f € _a ,wehave
——
Cm
fx)=¢(f) =0,
and so x € V(a), and thus V(a) # 0.
(ii) Let f € v/a. Then f* € a, ¢ > 1, and thus f(x) = 0 for every x € V(a).
So f(x) = 0 since 2 is an integral domain. That is f € I(V(a)).
Conversely, take f € I(V(a)) . We wish to show that some power of f lies
———
Ck:[Tl,...,Tn] o
in a. Consider A = k[T1,...,T,]/a, and let f be the image of f in A. Then,
our goal is to show that f is nilpotent. Equivalently, we need to show that

A7 = {0} But A7 = k?[Tl,...,Tn,Tn+1]/ ae+(Tn+1f— 1)
~~
={F"Im>0}""4

=b
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(here a® is the extension a from k[T},...,T,] to k[T},...,Ty+1]), and so we
need to show that 1 € b. By the Weak Nullstellensatz, it suffices to show that
V(b) =0, as we do now: If (z1,...,2p41) € V(b) then (z1,...,2,) € V(a),

—_————— —_————

——
cQn+l =X =!X( cQn

and so f(xg) = 0, and hence f(x) =0. So | Thy1f—1](x) =—-1+#0, a
—_———

€b
contradiction. O

Remark 7.10. Let a = (f1,..., f:) be an ideal of k[T1,...,T,]. The weak
NSZ says that if V(a) = () then there are p1,...,p: € k[T4, ..., T,] such that

t
(7.1) > pifi=1
=1

(and clearly the existence of such py,...,p; implies that V(a) = (). [ non-
examinable from here until the end of the remark |. The effective
NSZ gives us a bound on the degrees of p1,...,p:. For example, it is known
that if V(a) = 0 then we can find p1, ..., p; satisfying (7.1) such that

(7.2) degp; < (max{3,deg fi,...,deg fi})" Vi<i<t.

=D

Now, for fixed fi,..., ft, (7.1) becomes system of linear equations in the
coefficients of p1,...,p;. By (7.2), if there’s a solution to this system, then
there’s a solution where all coefficients of each p; of degree higher than D are
0, giving a finite system of linear equations in finitely many variables. Thus
we may determine whether or not there is a solution via Gauss elimination.
This gives us an algorithm to check whether V' (a) = ), which takes as input
a set of generators for a.

Remark 7.11. | non-examinable | The non-explicit part of the proof of the
weak Nullstellensatz was the existence of the maximal ideal m containing
a. For this we invoked (without saying so) Zorn’s Lemma. In fact, finding
such m is equivalent to finding a simulatenous solution for the polynomials
in a. Insted of invoking Zorn’s lemma, it is possible to find such a solution
explicitly using one of several algorithms, using resultants or Groebner bases.

Recall that an ideal I of a ring R is radical if I = v/I. The formula
VAVI =TI implies that the radical of an ideal is a radical ideal.

Fact 7.12.
i) For subsets X C Y of Q", we have I(X) D I(Y). For subsets
S CT of k[Ty,...,Ty], we have V(S) D V(T). That is, both I(-) and
V() are inclusion reversing (and thus I(V(-)) and V(I(-)) respect
inclusions).
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i) For S C k[Ty,...,T,], we have S C I(V(95)).
Proof: If f € S and x € V(S) then f(x) = 0 by the definition of
V(S), and so f vanishes on all of V(S), i.e. f e I(V(9)).

iii) For a subset X C Q", we have X C V(I(X)).
Proof: If x € X and f € I(X) then f(x) = 0 by the definition
of I(X), and so x is a root of all I(X), i.e. x € V(I(X)). So

X CcVI(X)).
iv) In fact, V(I(X)) is the smallest k-algebraic subset of Q™ that contains
X.
Proof:
(a) Clearly V(I(X)) is k-algebraic, and we’ve just seen that it con-
tains X.
(b) If X C Y for some k-algebraic set Y C Q", then'Y =V (a) for
some ideal a of k[T},...,T,], and so

VIX)cVUI(Y)=V[IV(a) ] CV(a)=Y .
——
Da
v) In particular, V(I(X)) = X if X C Q" is k-algebraic.
vi) For every set X C Q", the ideal I(X) of k[T1,...,T,] is radical.
Proof: If f* € I(X) then f'(x) for allx € X, and so f(x) = 0 since
Q is an integral domain, i.e. f € I(X).
The folllowing corollary of the strong NSZ relates geometry and algebra.

Proposition 7.13. Let n > 0. Then we have a bijection:

(7.3)  { k-algebraic subsets of Q" } <> { radical ideals of k[T, ..., Ty] }
given by X — I(X) and V(a) < a.

Proof. We've just seen that I(X) is a radical ideal for every k-algebraic
subset X C Q", and that X = V(I(X)). Now, let a be a radical ideal of
k[Ty,...,T,]. Then I(V(a)) = v/a = a by the strong NSZ and since a is
radical. O

The set of radical ideals of k[T, ..., T,] contains spec k[T1, ..., T},], which
contains mspec k[T7, ..., T,]. What a k-algebraic subsets of Q" correspond
to prime and to maximal ideals? We study this a bit now.

Remark 7.14. Some observations regarding the bijection from Proposition
7.13.
(1) Since the bijection of Proposition 7.13 reverses inclusion, the set A of
minimal nonempty k-algebraic subsets of (2™ corresponds bijectively
with the set mspec k[T, ..., T),] of maximal ideals of k[T},...,T),].
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(2) Let C = {{x} | x € k"}. Then C C A because for every x € k", we
have {x} = V(my) for my = (T} — z1,...,T,, — z,), showing that
{x} is k-algebraic (while minimality is clear for a singleton). Note

that my is a maximal ideal since k[T1,...,T,]/mx = k is a field.
Applying I(-), we see that3! I({x}) = I(V(my)) = my.
(3) So, we have an injective map x — my: k"™ — mspec k[T1,...,T),], but

in general it is not a bijection. It will be a bijection if and only if
C = A but this is not always the case. One reason for this is that
A may contain sets that are not singletons. For example, for k = R
and Q = C, the set X = {i,—i} is a minimal R-algebraic subset
of C!, corresponding to the maximal ideal I({i,—i}) = (7% +1).
This already proves that (T2 + 1) is not of the form my for any
x € RY, but you can also observe that R[T]/myx = R for such x, while
R[T]/(T?+1) 2 C%R.

(4) In the special case k = Q, we have C = {{x} |x € Q"}, forc-
ing C = A (if every singleton is k-algebraic, then every minimal
nonempty k-algebraic set is a singleton). So the map x — mx: Q" —
mspec Q[T1, ..., T,] is a bijection.

(5) Claim: Every maximal ideal of k[T1,...,T},] is a contraction of a

maximal ideal of Q[T1,...,T,].
Proof: Take m € mspeck[Th,...,T,]. Then m = I(X) for some
minimal nonempty k-algebraic subset of Q2". Take x € X. Then
V(I({x})) is the smallest k-algebraic subset of Q" containing x,and
thus V(I({x})) = X by the minimality of X. Thus

m = I(X) = I(V(I({x}))) = I({x})
where in the last step we applied I(V(+)) to the radical ideal I({x}).
But I({x}) is equal to the intersection of I*({x}) :== {f € Q[T1,...,T,] | f(x) =0}
with &[Ty, ..., T,], while IQ({X}) is the maximal ideal (T} — z1,..., T, — xy)
of Q[T1,...,T,] by our previous discussion.
(6) A possibly surprising minimal k-algebraic set: We saw in the case
k=R and Q = C (and n = 1) that C # A because A contains subsets
with more than one element. Now consider the case k = F,(X),
i.e. the field of rational functions in X over F,, and Q = k& (the
algebraic closure of k). Again take n = 1. The subset {X 1/ 7’} of Q' is

31This argument shows that I ({x}) = mx by eventually relying on the strong NSZ,
but you can also just note that clearly mx C I({x}) and 1 ¢ ({x}), and an inclusion
of maximal ideal in a proper ideal must be an equality. Yet another argument for the
inclusion I({x}) C myx is to note that I({x}) = keryx for the k-algebra homomor-
phism ¢x: k[T1,...,T,] — k mapping T; — z;. If f € ker px then ¢(0,...,0) = 0 for
g(T1,...,Tp) = f(Th +z1,...,Tn + x,), and so the constant coefficient of g is 0, and
hence g € (Th,...,Tn). Thus f=g(T1 —z1,...,Tn —xn) € (T1 —x1,...,Th — Tn) € mx.
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F,(X)-algebraic since {X*/?} =V | TP — X |. In this example,
:(T_Xl/p)p

not only that C does not exhaust A, but C does not even exhaust

the set of k-algebraic singletons. If you want, prove that this cannot

happen for separable extensions, i.e. that if k& C €2 is separable (e.g.

when char k = 0 or when £ =F, and 2 = leg) then all sets in C \ A

have at least 2 elements.

Definition 7.15. An algebraic (i.e. Q-algebraic) set X C Q" is irreducible if
X # () and X is not equal to the union of two proper algebraic subsets of X.

Proposition 7.16. An algebraic set X C Q" is irreducible if and only if the
radical ideal I(X) of Q[Th,...,T,] is prime.

Proof. Write X = V(a), a C Q[T4,...,T,] an ideal. Assume that X is
irreducible. Take f,g € Q[T1,...,T,] such that fg € I(X). Then for every
x € X, f(x) = 0 or g(x) = 0. That is*?, X c V(f) U V(g), and so

X=|XnV(f)|u|XnV(g)| (aunion of algebraic sets). Since X is
—_——— —_———
=V (a+(f)) =V(a+(9))

irreducible, this implies that X C V(f) or X C V(g). WLOG X C V(f).
Taking I(-), we have®® I(X) D I(V(f)). Thus f € I(X), and so I(X) is
————

BEVAC)

prime.

Conversely, assume that I(X) is prime. Take X = X; U X5, a union of
algebraic subsets of Q™. Then I(X) = I(X;) N I(X2). By ES2.Q2(a)**, this
means that I(X) = I(Xy) or I(X) = I(X3). WLOG I(X) = I(X1). Then
V(I(X)) =V(I(Xy)). Finally, note that 1 ¢ I(X) (prime ideals are proper
—_— Y

=X =X
ideals by definition), and so X # () by the weak NSZ. O

Remark 7.17. | non-examinable | For an algebraically closed field €2,
we have seen a bijection Q" — mspecQ[T1,...,T),] given by x — myx =
(Th — z1,...,Ty — zp), and a bijection { irreducible algebraic subset of Q" } —
spec Q[T1,...,T,]. The second bijection extends the first if we think of each
point x € Q" as the algebraic set {x} (which is clearly irreducible).

32We write V(f) for V({f}).

33By the strong NSZ, we have I(V(f)) = V/(f), but here we only needed the easy-to-
prove inclusion.

34This exercise says that in an arbitrary ring R, if a prime ideal p is equal to the
intersection of finitely many ideals, p = a; N--- N ag, then p = a; for some .
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Now to morphisms: A map Q" — Qfis regular if it maps t — (f1(t),..., fo(t))
for polynomials fi,..., fo € Q[T1,...,T,]. On the other hand, an -algebra
homomorphism Q[X71, ..., X, — Q[T1,...,T,] is given by the images g1,...,9¢s €
Q[Ty,...,T,) of Xi1,...,Xy. Thus, in both cases the data defining the map
is an {-tuple of elements of Q[T1,...,T,]. By the bijections mentioned above,
we may think of the regular map Q" — Qf as a map mspec Q[T1,...,T,] —
mspec Q[X1, ..., X sending (11 — t1,..., Ty — tn) — (X1 — fi(t),..., X¢ — fe(t))
for t = (¢1,...,t,) € " (call maps of this form regular too). So, forget about
the viewpoint of Q™ and Q We have regular maps mspec Q[T, ..., ;] —
mspec Q[X71, ..., X/] and Q-algebra homomorphisms Q[ X7, ..., Xy] — Q[T4,...,T,],
and each type of map is given by any chosen /-tuple of polynomials in
Q[Ty,...,T,]. Now, given an Q-algebra homomorphism ¢: Q[Xq,..., X/ —
Q[Ty,...,T,], ¢(X;i) = fi, we have a contraction map ¢*: spec Q[T1,...,T,] —
spec Q[ X1, ..., X(|. For amaximal ideal m = (T1 — t1,...,T, — t,) of Q[T1, ..., T,],
we have ¢*(m) = p=t(m) = (X7 — f1(t),..., Xo — fo(t)) for t = (t1,...,tn).
Indeed, for g € Q[X7, ..., X/, we have ¢(g) € mif and only if g(f1(t),. .., fe(t)) =
0 if and only if g € (X1 — f1(t),..., Xy — fe(t)). In particular, in this case,
the contraction map ¢* restricts to a map mspec[71, ..., ;] — mspec Q[ X, ..., X/]
(in general, contraction maps do not necessarily send maximal ideals to maxi-
mal ideals). We have thus obtained a bijection

{ regular maps mspec Q[T1,...,T,] — mspec Q[X1,..., X;] } < { Q-algebra homomorphisms Q[X7, ..

given by ¢* <= .

The fact that maximal ideals contract to maximal ideals remains true for
algebra homomorphisms between finitely generated k-algebras, where k is any
field, not necessarily algebraically closed. But, as we saw earlier, the injective
map k™ — mspeck[T1,...,T,], X — my, is not necessarily surjective. For
more general ring homomorphisms, such as the inclusion Z — @, maximal
ideals do not necessarily contract to maximal ideals ((0) C Q contracts to
(0) C Z). For this reason, among others, modern algebraic geometry considers
all of spec R as a geometric space for any ring R. In the classical setting,
where we consider R = Q[T1,...,T,], this is the same as considering the
space of all irreducible algebraic subsets of Q" instead of ™ itself (noting
that each point x of Q™ gives rise to the irreducible algebraic set {x}, but
there are many additional irreducible algebraic subsets of Q™). Taking spec
instead of mspec is not necessary in the classical setting, but it is crucial for
the study of general rings. The clear geometric interpretation of the classical
setting can give intuition for what ought to be true and what constructions
ought to be helpful in modren algebraic geometry.
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8. INTEGRAL AND FINITE EXTENSIONS (PART II)

The following definition generalizes the notion of an integral element over
a ring.

Definition 8.1 (Integrality over an ideal). Let A C B be rings, a be an ideal
of A.

i) For ¢ € B, x is integral over a (or a-integral) if there is a monic
polynomial f =T" + a;T" ! + -+ + a,T° € A[T], a; € a, such that
f(x)=0.

ii) The integral closure of a in B is {x € B | x is a-integral}.

It turns out that the integral closure of a in B is an ideal of a subring of
B (in particular, closed under addition and multiplication®). The following
proposition shows more than that.

Proposition 8.2. Let A C B be rings, and let A be the integral closure of A
in B. Let a be an ideal of A. Then the integral closure of a in B is VaA (i.e.
the radical in A of the extension of a to A).

Proof. If b € B is integral over a then b + a;b" ' 4+ - +a,b° =0, n > 1,
ai,...,a, € a. Thus b € A, and so b°,...,b" 1 € A, and thus b"* =
—(a1b" '+ 4 a,b°) € aA. Thus b € VaA.

Conversely, let b € VaA. Then, b" € aA for some n > 1, that is,

m
(8.1) b”:Zaia:i a; €a €A m>0.
=1
Each x; is integral over A and so M = Alx1,...,z,] is a finite A-algebra
—_———
b

by Proposition 6.6 (i.e. finitely generated as an A-module). Also, we have
an inclusion of A-modules: "M C aM by (8.1). Thus, we may apply
Proposition 5.1 to the A-linear map f: M — M, f(m) =b"m, f(M) C aM,
and see that

frraffl+ - 4af°=0 (inEndgM),

a; € a, £ > 1. Evaluating at m = 14 , we deduce that
—~—
eM
O o () a0 =0  (inMCB),

~—~— ~—— ~—~—
—pnt —pn(€—1) 1o

35But unlike the integral closure of A in B, the integral closure of a in B does not have
to include 14, and so is not always a subring of B.
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and so b is a-integral®’. O

Corollary 8.3. Let A C B be rings, and let a be an ideal of A. Then the
integral closure of a in B is closed under addition and multiplication.

Proof. Immeidate from Proposition 8.2. O

Corollary 8.4. Let A C B be rings, and let a be an ideal of A. Letb € B.
Then b is a-integral < b is +/a -integral.

~—

CA
Proof. Let A be the integral closure of A in B. We need to show that

the integral closure of \/a in B is contained in the integral closure of a
in B (and thus they are equal). By Proposition 8.2, our goal is to show

(\/E)E C VaA. In general, for any ring homomorphism f: R — S and
ideal T of R%7, VI©c VIe. So (\/H)Z C VaA. Taking 1/~ on both sides, we
have |/ (va)A € VVad = Vad O
Proposition 8.5. Let A C B be integral domains, where A is integrally

closed. Let a C A be an ideal, and take b € B. Consider the field extension
Frac A C Frac B. Then the following are equivalent:

i) b is integral over a.

ii) 1 is algebraic over Frac A with minimal polynomial over Frac A

—~~
€Frac B
of the form T" + a—llT”_1 + o aT"TO, n>1, a; €+a.

Proof. Assume (2). Then,

n n—1_ . 0
b + a1b i+ + anb :% (inFracB ),

a; € \/a, and so
V' a4+ a, =0 (inB)

and thus b is /a-integral, and so b is a-integral by Corollary 8.4.
Assume (1). Let f € (Frac A)[T] be the minimal polynomial of ¢ over

Frac A. We wish to show that each coefficient of f belongs to 4 =

{% |a € \/H} By Proposition 8.2, 4 is the integral closure of a in Frac A

36Note how the expression showing that b" is a-integral show in fact that b is a-integral
simply because (b")° "
integral then so is z.

=" for all 0 < i < £. For the same reason, in general, if 2" is

37You have seen this in an example sheet. Let’s show this again: If b € /T “ then
b=bif(x1)+ - +bef(me),bs €B,x; €A z;" €I, n; >1. Set n=n1+ -+ ng. Then
b" € I°, and so b € VIe.
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since A is integrally closed. Thus, it suffices to show that the coefficients of
f are in Frac A and are a-integral (they are in Frac A by definition). Fix an
algebraically closed field €2 containing Frac A, and let

L

b
8.2 = T — oy a; €1 o= - .
(8.2) f };[1( i) . 1 1
By expanding the brackets in (8.2), one sees that each coefficient of f is a
sum of products of a1,...,ap. Thus, by Corollary 8.3, it suffices to prove
that each «; is a-integral.

By our assumption (1), we have

'+ a4 4a, =0 (inB)
for some n > 1 and aq,...,a, € a, and so h(%) = 0 for

h=T"+ %T"il +- aTnTO € (Frac A)[T] .

For each 1 < i < ¢, we have a (Frac A)-algebra isomorphism ¢;: (Frac A) [%] —

(Frac A)[oy), gpi(%) = o, because®® % and «; have the same minimal poly-

nomial f over Frac A. Thus h(q;) = h(cpi(%)) = ; h(i) = 0, where
5

the second equality follows since h is a (Frac A)-algebra hgﬁlomorphism and

since the coefficients of h are in Frac A. So «; is integral over a. U

9. COHEN—SEIDENBERG THEOREMS (GOING UrP/DOWN)

Given an integral extension A C B, t: A — B the inclusion map, we have
a contraction map ¢*: spec B — spec 4, t*(q) = q N A. In this section we
study ¢*, and in particular, the fibers of ¢*. Similar results are true for any
ring homomorphism f: A — B that makes B into an integral A-algebra. The
case of a general f follows from the case of the inclusion map .

For rings A C B and p € spec 4, we let A, = (A\ p) ' A (as usual) and
also By == (A\ p) 'B. Indeed, A\ p is a multiplicative subset of B. But
note that By is not a “localization of B at a prime ideal of B”. Importantly,
B, is usually not a local ring - it can have more than one maximal ideal. The
following proposition gives a bijective correspondence between mspec B, and
the fiber of p under the contraction map ¢*: spec B — spec A.

38Indeed, we have (Frac A)-algebra isomorphisms (Frac A)[T]/(f) — (Frac A) [%] and
(Frac A)[T]/(f) — (Frac A)[o], sending T + (f) — & and T + (f) — «, respectively.

1
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Proposition 9.1. Let A C B be an integral extension of rings, and let
p € spec A. Then there is bijection

(9.1) {q€specB | qN A =p} <> mspec B,

given by extension and contraction of ideals along the localization map B — By,
i.e. > qBp and m® <+ m.

Proof. By Proposition 4.16, applied to the localization map B — Bj, exten-
sion and contraction of ideals gives a bijection {q € specB|qN A C p} <
spec By, restricting to an injective map {q € spec B | qN A = p} — spec By.
It remains to show that the image of the latter map is precisely mspec B;.

Let S = A\p, and take q € spec B such that qNA = p. Then qB, € spec By
by Proposition 4.16. By Proposition 6.13, the extension A, C B, is integral.
Thus qB, € mspec By if (qBy) N Ay € mspec A, by Corollary 6.15. This is
indeed the case: By Proposition 4.14,

(aBy) N Ay =S"1qnSTA=85"1(qnA) =S 'p=pA,,
while pAj is the unique element of mspec A,.
Conversely, take m € mspec By. By Proposition 4.16, every ideal of B,

is extended from B, and in particular (m®)B, = m (and m® € specB). It
remains to show that m® N A = p. Consider the following commutative

diagram:
A B
Ay By

Contracting m to A, and then to A results in the same prime ideal of A
obtained by contracting m to B and then to A. Since A, C B, is an integral
extension, the contraction of m to A, is a maximal ideal. But pA, is the
unique maximal ideal of A, and it contracts to p in A. Thus, m°NA=p. O

The following proposition says that all fibers of +*: spec B — spec A are
not empty for an integral extension of rings A C B.

Proposition 9.2 (Lying over). Let A C B be an integral extension of rings.
Let p € spec A. Then there is q € spec B such that qN A = p.

Proof. Let S = A\ p. By Proposition 9.1, it suffices to show that mspec B, #
0, i.e. that By is not the zero ring. Indeed, 0 ¢ S, and so B, # 0. O

Proposition 9.3 (Going up). Let A C B be an integral extension of rings,
let p1,pa € spec A, p1 C po, and q1 € spec B, q1 N A = p1. Then there is
q2 € spec B such that q1 C q2 and q2 N A = pa.
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Proof. Since p1 = q1 N A, we have an injective map A/p; — B/q1, a +p1 —
a+q1, and B/q is integral over A/p; by Proposition 6.13. By Proposition
9.2, there is q2/q1 € spec B/q1, q2 € spec B, that contracts to pa/py in A/p;.
Thus g9 contains q1, and qg contracts to ps in A by the following commutative
diagram:

A B
| |
Alp B/m

Indeed, q2/q; contracts to pa/p;1 in A/p;, which contracts to pg in A. On the
other hand, q2/q; contracts to g2 in B. The commutativity of the diagram
implies that qs contracts to ps in A. ([

Proposition 9.4 (Incomparability). Let A C B be an integral extension of
rings, and let q,q" be prime ideals of B such that qNA=q N A and q C ¢'.
Then q=1¢q'.

Proof. Let p =qN A =q N A. By Proposition 9.1, qB, and ¢'B, belong to
mspec By. Since qB, C q'B,, it follows that qB, = q'B,. By Proposition 9.1
again, we have q = ¢'. O

Proposition 9.5 (Going down). Let A C B be an integral extension of
integral domains, A integrally closed (in Frac A). Let p1,pa € spec A, p1 D po,
and q1 € spec B, q1 N A = p1. Then there is qo € spec B such that q1 D qq
and qo N A = po.

Proof. Consider the composite map A — B — Bg,. The localization map
is injective since B is an integral domain. We want to show that ps is
contracted from a prime ideal n of By, because then g2 :=nN B is contained
in g1 and contracts to p2 i n A. To show that po is a contracted ideal w.r.t.
A — B — By, we need to show that (p2Bg;) N A C pa (the reverse inclusion
always holds when extending and then contracting). Think of the extension
p2By, in two steps: po = p2 B — p2 By, .

Take ¥ € (poBq,) N A, y € p2B, s € B\ q1 (every element of py By, is of
this form). Since B is integral over A, the integral closure of ps in B is v/p2B.
Thus y is integral over pp. Thus, by Proposition 8.5, the minimal equation™’
of y over Frac A is of the form

Yy our Yy e u =0

€p2 €p2

39The minimal equation is just the equation f(y) = 0, where f is the minimal polynomial
of y over Frac A.
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Now, y = L , and so y,s € Frac B and ¥ € Frac A. Thus, the
g s ~~ s
cB —~— €B
€A

minimal equation of s over Frac A is obtained“’ by writing

Y\ Y r—1
(*8) + uy (*8) +oo 4 u =0
N ~—

S S
€p2 €p2
o e 7. Yy T'.
and dividing by (g) :
S ! S "
(9.2) s" 4+ (> up ST <) u =0.
y) ~~ Yy) ~~
N—— P2 N—— P2
€Frac A eFrac A

But s € B, and so s is integral over A, and thus Proposition 8.5 says that all

1 r
of the coefficients (§> UL .., (§> u, arein A.
Y) ~~ Y) ~~
€p2 €p2 ‘
y\: [s)" i
Suppose that ¥ ¢ ps. Then wu; = (f) — | u;, and so <§> u; € po.
~— S Y Y
€p2
#p2 €A
Thus s" € p2B by (9.2), and so s € qi, a contradiction. O

<~
Cp1B=(11NA)BCq1

Definition 9.6. Let f: A — B be a ring homomorphism. Then,

(1) fis finite (resp. integral) if it makes B into a finite (resp. integral)
A-algebra.
(2) fis flat if it makes B into a flat A-module.

Definition 9.7. Let f: A — B be a ring homomorphism. Consider the
contraction map f*: spec B — spec A. Then,

(1) f satisfies lying over if f* is surjective.

(2) f satisfies going up if for all p; C ps2 in spec A and q; € spec B such
that f*(q1) = p1, there is g1 C g2 € spec B such that f*(q2) = po.

(3) f satisfies going down if for all p; D po in spec A and q; € spec B such
that f*(q1) = p1 there is q; D q2 € spec B such that f*(q2) = po.

401y general, if we have a field extension K C L and elements x € L and 0 # k € K,
then the minimal equation of kr can be obtained from the minimal equation of x by
multiplying by k", where r is the degree of the minimal polynomial of x over K. Indeed,
this gives an equation showing that kx is algebraic over K, and if there was such an
equation of lower degree, then we could divide by k" to obtain a K-algebraicity equation
for = of degree < r, a contradiction. Alternatively, one notes that the subfields K (x) and
K (kx) of L are equal, and their dimensions over K are equal to the degrees of the minimal
polynomails of x and kx over K, respectively, and thus these degrees are equal.
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Remark 9.8. A ring extension A C B that satisfies going up (i.e. the inclusion
map ¢: A — B satisfies going up), must also satisfy lying over. Proof: Take
p € spec A. Then B, # 0 since 0 ¢ A\ p, and thus B, has a maximal ideal
m. So the contraction q of m along the localization map B — By is a prime
ideal of B such that qN (A \p) =0, i.e. gN A C p. By the going up property
of A C B, applied to gqN A C p, there is qo € spec B such that go N A = p.

Remark 9.9. We’ve seen that the inclusion map ¢: A — B of an integral
extension of rings satisfies going up (and hence also lying over). But every
ring homomorphism f: A — B can be decomposed as A — f(A) — B, where
the first map is a quotient map, and the second map is the inclusion map of
the extension f(A) C B. This extension is integral if and only if f is integral.
A quotient map clearly satisfies lying over, going up and going down. We
conclude that every integral ring homomorphism f: A — B satisfies going
up (and hence also lying over).

Remark 9.10. [ non-examinable | Every flat ring homomorphism f: A — B
satisfies going down (with no further conditions on the rings A and B).

Remark 9.11. [ non-examinable | The Cohen—Seidenberg theorems have
geometric significance. For example, a ring homomorphism f: A — B
satisfies going up if and only if f*: spec B — spec A is a closed map under
the Zariski topology (i.e. maps closed sets to closed set). This is in contrast
to regular maps in general, say ¢: X — C, where X = {(a,b) € C* | ab =1}
and ¢(a,b) = x. Then im ¢ = C\ {0} is not closed in the Zariski topology
(since every polynomial vanishing on C\ {0} must vanish on the larger set C).
This implies that the natural C-algebra map C[T1] — C[Ty,T»]/(T1 T2 — 1) is
not integral, as we’ve shown directly in the discussion preceding Noether’s
normalization lemma.

10. PRIMARY DECOMPOSITION

Let p be a prime number and n > 2. Then Z/(p") is not an integral
domain, but for every zero divisor a +Z € Z/(p™) we have p | a and so
(a +2Z)" =0, and thus a + Z is nilpotent. Thus, for every n > 1, every zero
divisor in Z/(p)" is nilpotent.

On the other, in Z/(6), the elements 2+ Z and 3+ Z are zero divisors, but
not nilpotent.

Definition 10.1. Let I be an ideal of R. Then!:
i) I is prime if R/I # 0 and the only zero divisor in R/I is 0.

41We recall the notions of prime and radical ideals in order to compare them to the
notion of primary ideals.



COMMUTATIVE ALGEBRA 85

ii) I is radical if the only nilpotent element in R/I is 0.
iii) I is primary if R/I # 0 and all zero divisors in R/I are nilpotent.

Thus, an ideal is prime if and only if it is radical and primary. Note that
R itself is a radical ideal, but R is neither prime nor primary. Since every
nilpotent element is a zero divisor, we have the following implications:

Example 10.2. Let R = Z. Then (0) is a prime ideal (hence also radical
and primary). Let 0 # x € Z. Then,

i) (x) is prime if and only if |z| is a prime number.
ii) (x) is radical if and only if = is square-free.
iii) (x) is primary if and only if = p™, n > 1, for some prime number p.

Example 10.3. Thus (6) is radical, but not primary, while (9) is primary
but not radical. In Z, an ideal is primary if and only if it is a power p” of a
prime ideal p. But in general rings, the powers of prime ideals are not the
same as the primary ideals (we will give examples).

Proposition 10.4. Let I be an ideal of R.

i) If I is primary then VT € specR.
Definition: For p € spec R, a p-primary ideal is a primary ideal
such that VI = p.
ii) If\\/; € mspec R then I is primary m-primary.
=m
(but if \/T € spec R, I does not have to be primary).

i) qu N ---Nqy is p-primary if q1,...,q, are p-primary.

iv) If I has a primary decomposition (i.e. an expression I = qyN---Nqp,
q; primary), then it has a minimal primary decomposition (i.e. an
expression as above, where the prime ideals \/q1,...,+/qn are distinct
andfgﬂ#iqi forall1 <j<mn).
| This follows immediately from (iii) |

v) If R is noetherian, then every ideal I of R has a primary decomposi-
tion.

Proof. See Example Sheet 3. ([l

Example 10.5. In Z, (90) = (2)N (3%) N(5) is a primary decomposition. Pri-
mary decomposition in general rings generalizes the notion of factorization into
prime powers in Z, but the general concept only has partial uniquenss prop-
erties (see below). In the computation below, we will make use of ES3.6(a):
for ideals I and J of a ring R, we have VI+J = VI + \ﬁ,\/ﬁ = /T for
all n > 1, and[le[ifandonlyifleﬁ].

Let p € spec R, n > 1. If p™ is primary then p™ is p-primary since /p” = p.
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i) Not every primary ideal is a power of a prime ideal: Let
R=Fk[X,Y] and q = (X,Y?). Then R/q = k[Y]/(Y?), where every
zero divisor is a multiple of Y and hence is nilpotent, and so q is
primary. Moreover,

Vi=y/(X)+ (V)

I
E
_|_
=

:(va)
= (X’ Y)

where the last equality follows since m := (X,Y") is a maximal ideal.
Thus, if g = p™ for some p € spec R and n > 1 then necessarily p = m.
However m? C q¢ C m, and so q is not a power of a prime ideal.

ii) A power p" of a prime ideal p is not necessarily primary (al-
though /p” = p must be prime): Let R = k[X,Y, Z]/ (XY — Z?),
k a field, and let X,Y, Z be the images of X,Y, Z in R, respectively.
Then p = (X, Z) is prime since R/p = k[Y] is an integral domain.
But p? = <Y2,72,ﬁ) is not primary: XY = VAR p? and X ¢ p2,
and so the image of Y in R/p? is a zero divisor, but the image of Y’
in R/p? is not nilpotent: Indeed, Y does not belong to the radical
Vpi=p= (X,Z) of p? since R/p = k[Y] in the natural way (i.e. ¥
does not vanish in the quotient R/p).

Theorem 10.6. Let I be an ideal of R that has*? a minimal primary decom-
position I = q1 N -+ N gy, and write p; = \/q;.
i) The associated prime ideals of I: py,...,p, depend only on I
(and not on the chosen minimal primary decomposition). In fact,

{p1,...,pn} = {\/WMGR}ﬁspecR

(the RHS clearly depends only on I).

ii) The isolated prime ideals of I: The set of minimal elements among
P1,...,pn consists exactly of the prime ideals of R corresponding to
the minimal prime ideals of R/I.

42Equivalently, we can just assume that [ has any primary decomposition, by the
previous proposition. Note that not every ideal in every ring has a primary decomposition
- having a primary decomposition is an assumption about I.
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The embedded prime ideals of I1: An associated prime ideal of 1
is embedded if it is not isolated.

iii) The isolated primary components of I: If p1,...,p, t < n, are
the isolated prime ideals of I, then qy1,...,q: depend only on I (in
fact, q; = I°° w.r.t. the localization map R — Ry, ).

Proof. (1) and (2) are exercises in Example Sheet 3. We skip the proof of (3),
but you can find it in Atiyah—-Macdonald. O

Example 10.7. Let R = k[X,Y], k a field, and I = (X? XY). Then:

I=(X)n (X))
N—_——
I=(X)n(X%Y)

are both primary decompositions of I:
i) (X) is prime and hence (X)-primary.
i) \/(X,Y)? = (X,Y) and \/(X2Y) = (X,Y), and (X,Y) is a maxi-
mal ideal, and so (X, Y)2 and (XQ, Y) are (X,Y)-primary.
i) (X,Y)? # (X2Y)since, e.g. Y ¢ (X,Y)%
N——

=(X2,XY,Y?)

I = (X)N(X,Y)%: Cis clear. Take f € (X) N (X,Y)% Then

f=aX = bX?+cXY +dY? a,b,c,d € k[X,Y]. Then d = eX,

e € k[X,Y]. Thus X(a—bX —cY —eY?) =0, and so a € (X,Y),

and thus f € X(X,Y) = 1.

v) I = (X)N (X2%Y): Cis clear. Take f € (X)N (X%Y). Then
f=aX =bX?4¢cY, a,b,c € k[X,Y]. Then ¢ = dX, d € k[X,Y],
and thus X(a —bX —dY) =0, and so a € (X,Y), and hence f €
X(X,)Y)=1

vi) So, the associated primes of I are (X) C (X,Y), and thus (X) is the
only isolated prime of I, and (X) is also the only isolated primary
component of I.

iv)

Remark 10.8. Let I = q1 N --- N g, be a minimal primary decomposition
of I, p; = \/q;, where pq,...,p; are the isolated prime ideals of I. Then
VI =p;N---Np; (check!), and this is a minimal primary decomposition of
VT because pi, . .., p; are distinct, and there are no inclusions between them,
and if ﬂ#j p; C p; then p; C p; for some i # j (ES2.2a), a contradiction.
Thus, if I is radical (i.e. I = +/I) then I has a unique primary decom-
position (the intersection of the associated prime ideals of I, which are all
isolated). That is, for radical ideals the situation is simple in the following
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senses: (i) There are no embedded primes, (ii) The isolated primary com-
ponents are the isolated primes. So, in a noetherian ring (where all ideals
have a primary decomposition), to give a radical ideal is the same as to give
a finite collection p1, ..., p, of prime ideals such that p;  p; for all 4, j.

So, in a noetherian ring R, the process of passing from I to /I amounts
to remembering only the isolated prime ideals of I and forgetting all other
information about I. In R = k[T7,...,T,] (fixing some algegbraically closed

field Q S k), we have V(I) = v(ﬁ) and I(V(I)) = vI. Thus, the

information recorded by the algebraic set V' (I) is exactly V1, or, equivalently,
the set of isolated primes of I.

Remark 10.9. The notions of isolated and embedded primes of an ideal, and
of the isolated primary components, are central. The notion of the primary
decomposition is less useful in modern algebraic geometry, mostly because
of the non-uniqueness. Still, primary decompositions can be useful when
making explicit computations and coming up with counter-examples.

Remark 10.10. [non-examinable| For some rings R, not every ideal I has a
primary decomposition. If I has a primary decomposition, we’ve seen that
the set of isolated primes of I is, on one hand, finite, and on the other hand,
equal to the set of minimal prime ideals among those containing I. So, if
we construct a ring R that has infinitely many minimal primes ideals, then
the ideal (0) of R does not have a prime decomposition. The ring C]0, 1] of
continuous functions [0, 1] — R is an example of this.

11. DIRECT AND INVERSE LIMITS, COMPLETIONS

Definition 11.1. Let*? C be one of the following categories: Sets, Groups,
Rings, R-modules, R-algebras (R a fixed ring).

i) A directed set (I,<) is a partially ordered set such that Va,b € I
there is ¢ € I such that a < cand b <ec.

ii) A direct system over I is a pair <(XZ-)€I7 (fij)i,jg), where each Xj
i<j

is an object and each f;;: M; — M; is a morphism, such that:
(a) fii =idx, for all 7.
(b) fiko fij = fux fori <j <k.

iii) An inverse system over I is a pair <(Y})€I, (hij)i,jg), where each Y
1<j
is an object and each f;;: Y; — Y; is a morphism, such that:
(a) hi; =idy; for all i.
(b) hij o hjk = hkz for all 7 S ] S k.

43Direct and inverse limits are more general, but I prefer we limit ourselves to these
categories.



COMMUTATIVE ALGEBRA 89

Example 11.2. Let I = N with the usual order <. Let p be a prime number.

i) Recall that for a,b € N, if a | b then there is a ring®* embedding
]Fpa — pr.
Let X; = Fpa, let fi 1)t Fpo — Fpuy be a fixed ring embedding
for all © > 1, and let fi; = f(j_1) 0 © fi (1) for i < j.
Then ((Xi), (fij)i<j> is a direct system.

ii) Let Y; = Z/p'Z, and for i < j, let h;;j: Z/p’Z — Z/p'Z be the natural
projection.

Then ((Yz), (hij); <j> is an inverse system.

Definition 11.3. Let (I, <) be a directed set.
i) Let D = ((Xi)z'eh (fij)i<j) be a direct system on I. The direct limit

lim X;
of D s (Hz‘el Xl)/ ~, where ~ is the smallest equivalence relation
such that x; ~ fij(x;) for alli < j and x; € X;.
Equwalently, x; ~ x; for v; € X; and x; € X if and only if there is
kel, k>i, k>j, such that fir(x:) = fi(x;).

ii) Let E = ((Yi)z’el’ (hij)igj) be an inverse system on I. The inverse
limit
of E is

{y e[V 1w = hijly;) i SJ} .
el
The notations hgl and ILD for the direct and inverse limits, respectively,
supress the morphisms f;;, but the morphisms are crucial to the constructions
and must be understood from the context.
The direct limit is equipped with natural homomorphisms X; — ligXi
for all j € I. The inverse limit is equipped with natural homomorphisms
T&nYQ%ijoralleI.

Example 11.4.

i) hﬂFpi is a field, with a ring homomorphism [, — hﬂ]}"pi (necessarily
injective).

44y general, a ring homomorphism between fields is a field homomorphism. The two
notions are the same (when the domain and range rings are fields).
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(a) lim F); is algebraic over . Indeed, take (2] € (IL;e; IF'pu)/ ~,
z € [ I (['] standing for the ~-equivalence class). Then
x € Fn for some i > 1, and so 2?" —z = 0. Thus [a:]p“ —[z] =0,
and so [z] is algebraic over F).
(b) The field lim F is algebraically closed: Every polynomial in
(lingi)[T] is of the form [h], h € F [T for some j > 1 ([h]
here denotes the result of applying [-] to each coefficient of h).
The splitting field of h over ;i is isomorphic to a finite field F .,
j!'1 £, and F, embeds in Fu. So, h splits over F, under some
embedding F ;i — F,n. Thus h splits over F s under every®?
embedding F,;i — F,n, and in particular under the embedding
fie: Fpin — F . Thus [h] = [f;e(h)] splits in lim 7 (here fje(h)
refers to applying fj, to each coefficient of h).
i) Z, = @Z/piZ the ring of p-adic integers.
For example p = 5. Each sequence (d;);2 of integers, 0 < d; < 5,
gives rise to an element of Zs: x = (Z?:lo dy, - 5% + B’Z)Cfo . You can
think of x as a number written in base 5, where the digiz‘;slextend to
the left. The natural map Zs — Z/5'Z reveals the rightmost 7 digits.
The number 1 in Zs is simply (1 + 5iZ)z1. The number —1 in Zs is

(4+45Z,24 + 5°Z,124 + 5°Z, 624 + 5'Z, ...
or, in base 5:
(45 + 5Z,445 + 5°Z, 4445 + 5°Z, 44445 + 5'Z, ...) .

Remark 11.5. Our example of a direct limit was to form the “union” of a
collection of sets which are not subsets of one large sets, but have some
identifications between them. Another type of example is given by stalks
in algebraic geometry. There X; is the set of certain functions on a certain
neighbourhood U; of a fixed point x in some fixed space, and each morphsim
fij: Xi — X of the directed set is the restriction map, from U; to Uj, of
functions (where ¢ < j if U; C Uj).

Blet a | b be positive integers, and take two field embeddings o, 7: Fya — F,,. Then
0(Fpa) = 7(Fpa) because F,» contains a unique copy of Fye (namely, the set of roots of

TP" —T). Thus, we have a field automorphism Fpa — Fpa given by z — o~ (r(z)). A
field automorphism of Fpe must be of the form z — 2, s > 0, and so o~ (7(z)) = z*" for

all z € Fpa, ie. 7(z) = U(xps) = (a(x))ps. Note that y — y?* defines an automorphism
of F, (not only of F,« and of its copy inside F,»). Now take a polynomial h € Fya[T]

such that o(h) € F,[T] splits into linear factors o(h) = Hle T— «; |.Then 7(h) =
€F ,
p

Hf;l (T — afs), and so 7(h) also splits into linear factors over F,;.
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Example 11.6. Let (I, <) be a directed set. Let D = (Xj, fi;) be a direct
system on I, and let E = (Y}, h;;) be an inverse system on I. Then ligXi
(resp. 1£1Y,) enjoys a universal property w.r.t. D (resp. E) that characterizes
it uniquely:

(1) The universal property of the direct limit:
For an object A and a system of morphisms (g;: X; — A);; such that
gi = gj o fij for all ¢ < j, there is a unique morphism g: ligXi — A
such that each g; factors as X; — ligXi 9% A, where the left map
is the canonical map from X to the direct limit.
Example: In the category of sets, a function from the disjoint [ ], X;
union of sets into a set A is the same as a a collection of functions
(X; = A),c; (this example is quite degenrate: the partial order < is
reflextive z < z, but has no other relations, so the direct system has
no morphisms).

(2) The univesal property of the inverse limit:
For an object B and a system of morphisms (g;: B — Y;),; such that
gi = h;j o gj for all ¢ < j, there is a unique morphism g: B — lle,
such that each g; factors as B N llez — Y}, where the right
morphism is the canonical map from the inverse limit to Y.
Example: Take the quotient maps g;: Z — Z/p'Z. Then, for i < j,

g; factors as Z % Z/pPZ — Z/p'Z. This gives rise to a map
g: 7 — I'LmZ/pZZ given by g(z) = (x —|—p’Z)zl.
zZ

We now generalize the construction of Z,,.

Definition 11.7. Given a ring R and an ideal a of R, the a-dic completion
of Ris R = @R/ai.

More precisely, we have a directed set (N, <), < being the usual order on
N, and an inverse system ((R/ai)fil, (fij)z‘gj)v where f;;j: R/a/ — R/a’ is
the usual projection.

Example 11.8.

i) For R =7 and a = (p), p a prime number, we have R = Z,.
ii) For R = k[T, k a field, and a = (T), we have R = k[[T’]], the ring of
formal power series in T over k.
iii) For R = k[T] anda = (T1,...,Ty), we have a’ = span, {T7" - - T | e1 + -+ + €, > i},
and so R = k[[Th,...,Ty]], the ring of formal power series in 71, ..., T,
over k.

There is a similar construction for modules:
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Definition 11.9. For an R-module M and an ideal a of R, the a-adic
completion of M is M = yLnM/aiM.

The a-adic completion is a special case of the following:

Definition 11.10. Let M be an R-module.

i) A filtration of M is a sequence of submodules (My),~, such that
M, > My,1 and My = M. -

ii) The completion of M w.r.t. to the filtration (M), is lglM/Mn
(this refers to the direct system on N with M /M,, as the objects, and
with the projections as the morphisms).

So the a-adic completion of an R-module M is the completion of M w.r.t.
the filtration (aiM)ZO.

Relative to the a-adic completions, M becomes an R-module:

(7”2' + ai)izo . (ml + aiM)iZO = (rimi + aiM)Z,ZO .

Recall that for a multiplicative subset S of R: (i) If R is noetherian
then S™!'R is noetherian, (ii) S™'R ®g (*) is a flat R-module (equivalently,
M+ S7'M, f — S71f is an exact functor). The analogous results for

a-adic completions are:

Theorem 11.11. Let R be a noetherian ring, and let R be the a-adic com-
pletion of R, a an ideal of R. Then:

i) R is noetherian.
ii) R®@pg (+) is an ezact functor.
iii) If M is a finitely generated R-module then the map Ror M — M,
sending x @ m — xm, is an R-linear isomorphism.

Notably, all parts of Theorem 11.11 assume that the ring R is noetherian.
For a noetherian R, restricting attention to finitely generated R-modules, (ii)
and (iii) together imply that M — M is an exact functor.

As a consequence of Theorem 11.11(i) and Hilbert’s basis theorem, we
have:

Corollary 11.12. If R is a noetherian ring then R[[T1, ..., T,]] is noetherian.

Proof. R|[T1,...,T,]] is isomorphic to the m-adic completion of R[T7, ..., T,]
form = (T1,...,T,). O

We will not prove Theorem 11.11. The proof could be found in the
excellent Chapter 10 of Atiyah—Macdonald. We will, however, study some
of the technical tools of that chapter: exactly those tools that will also be
needed in the chapter on dimension theory.
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12. FILTRATIONS, GRADED RINGS
12.1. Graded rings and modules.

Definition 12.1. A graded ring is a ring A together with a family (A4,),,q
of additive subgroups of A such that A = @, ; A,, (internal direct sum) and
ApnAn C Aty for all myn > 0.

Note that Ag is a subring of A:

(1) Ap is clearly an abelian subgroup of A, and is closed under multipli-
cation since AgAg C Ago-
(2) We show that 14 € Ag: Write 14 = > /"y vi, ¥i € Ai. Let z, € Ay,
n > 0. Then z, = 12z, =>.,", Yizn . The LHS is in A, and
—~— ~~
so the RHS is equal to 1wy z,. Thus ypz = z for all z € A, and so
—~—

€Agp
14 =1yo € Ao.

Thus, each A,, is an Ag-module.

Example 12.2. k[Ty,...,T,] = @2020 Ay, where A, is the set of consisting
of 0 and all homogeneous polynomials of degree n.

Definition 12.3. Let A = ;% A be a graded ring.

(1) A graded A-module is an A-module M, M = &% (M, M, an additive
subgroup of M, such that A,,M, C Myin for all m,n > 0 (thus
each M, is an Ag-module).

(2) A homomorphism of graded A-modules is an A-module homomorphism
f: @,>0Mn = B,,>¢ Nn such that f(M,) C N, for all n > 0.

(3) An element = € M is homogeneous of degree n if x € M,,. Any y € M
can be written as y = ) yn, Yn € My, where all but finitely many
yn’s are 0. The nonzero y, are the homogeneous components of y.

(4) Write Ay = @721 A, (then Ay is an ideal of A: ker(4 — Ag) = A4
for the natural projection A — Ap).

Proposition 12.4. The following are equivalent for a graded ring A =
Dnzo An:

i) A is noetherian.

ii) Ay is noetherian and A is finitely generated as an Ag-algebra.

Proof. (ii) = (i) by Hilbert’s basis theorem.

Assume (i). Then the ring Ag is noetherian since Ag = A/A.. Now, the
ideal A, is generated by the set of all homogeneous elements of A of nonzero
degree, and so, since A is noetherian, the ideal Ay is also generated by a
finite set z1, ..., zs of homogeneous elements, x; € Ay, (respectively), k; > 0.
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Let A’ be the Ag-subalgebra of A generated by z1,...,z,. It suffices to
show that A, C A’ for all n > 0. We argue by induction on n. Clearly
Ap € A'. Now take y € A, n > 0. Since y € A, we have \y/ =0 Ti%i,
r; € A. Applying the projection A — A, y stays y, and rieainis mapped to
a;z; for some a; € Ay,_y,. Soy =Y., aiz;. By the induction hypothesis
(note that k; > 0), each a; is a polynomial in x1, ...,z with coefficients in
Ap. Hence y € A'. O

12.1.1. The associated graded ring.

Definition 12.5. Let a be an ideal of R.
i) A filtration of an R-module M is a sequence (My),”, of submodules
of M such that My = M and M,, D My for all n > 0.
ii) The filtration (M), is an a-filtration if aM,, C My, for all n > 0.
iii) An a-filtration (My),~, is a-stable if aM,, = M, for all large enough
n.

Example 12.6. (a"M), -, is a stable a-filtration.

Definition 12.7. Let a be an ideal of R. The associated graded ring of R
(w.r.t. a)is

Gu(R) = é a/a"tt (¥ = A)
n=0

This a graded ring, where multiplication is defined as follows: For z € a”
and y € a™, if T, 7 are the images of z,y in the summands a™/a" 1, o™ /a™+1
(respectively), then T - 7 is the image of xy in a”™™/a"+™+1 (check that this
is well defined!).

For an R-module M and an a-filtration (M,,),,>¢, define

oo
G(M) = D My /M1
n=0
which is a graded G4(R)-module in a natural way: For x € a™ and m € My, if
7,m are the images of  and m in a”/a"*! and My /M. 1 (respectively), then
T - m is the image of xm in My, /Mpini1. We write G, (M) for M, /Mp41.

Proposition 12.8. Assume that the ring R is noetherian. Let a be an ideal
of R. Then:
i) Gq(R) is a noetherian ring.
ii) If M is a finitely generated R-module and (M), ~, is a stable a-
filtration of M, then G(M) is a finitely generated graded Gq(R)-
module.
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Proof. (i) Since R is noetherian, a is finitely generated by some z1,...,zs
Let 7; be the image of z; if a/a®. Then Gq(R) = (R/a) ® P2, a™/a™ 1 is
generated as an R/a-algebra by 71, ..., T, (check!). But R/a is a noetherian
ring, so G4(R) is noetherian by Hilbert’s basis theorem.

(ii) Take ng such that M, 4+, = a" My, for all r > 0. Then G(M) is
generated by ®n§no M, /My 41 as a Gq(R)-module. Each M, /M, is a
noetherian R-module (M is noetherian since it is finitely generated over the
noetherian ring R, and so M, also is), and is annihilated by a. So it is a finitely
generated R/a-module, and thus B, <,,, Mn/Mn+1 is a finitely generated
R/a-module. Thus G(M) is finitely generated as a G4(R)-module. O

12.2. Filtrations.

Definition 12.9. Let (M,),~, and (M), -, be filtrations of an R-module
M. Then (M,), s, and (M}),~, are equivalent if there is ng > 0 such that
Mpin, C M), and M}, C M, for all n > 0 (check that this defines an
equivalence relation on the class of filtrations of M).

Lemma 12.10. Let a be an ideal of R. Then every stable a-filtration (Mp),,~q
of an R is equivalent to (a"]%)nZO (and so all stable a-filtrations of M are
equivalent to each other).

Proof. Since (M,,),~, is an a-filtration, for all n we have M, D aM,_1 D
a’M,_2 D --- D a®M D a0 M for any ng > 0. On the other hand, there
is ng > 0 such that aM,, = M, for all n > ng since the a-filtration (M, )~
is stable. Hence M,,4p, = a" My, C a" M. O

12.2.1. The Artin—-Rees Lemma. Let a be an ideal of R. Let M be an R-

module and (M,),,, an a-filtration of M. We now define a graded ring R*

and a graded R*-module M*. We will use these constructions in order to

prove the Artin—Rees Lemma, but not later (unlike the associated graded

ring construction, which we will use in the chapter on dimension theory).
Let

R*::@an (a®=R)
n=0
and

o0
M* = @ M, .
n=0

For z € a” and y € a’ (thought of as element of the n-th and ¢-th summands
in the definition of R*), the product of 2 and y in R* is 2y € a"**
element of the (n + ¢)-th summand of R*. This makes R* into a graded ring.

, as an
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The z € a” (in the n-th summand of R*) and m € M, (in the ¢-th summand
of M*), the R*-module structure on M* is given by thinking of xm € a" M,
as an element of the (n + £)-th summand of M* (indeed a" M, C M,y since
(Mpy)~g is an a-filtration). This makes M* into a graded R*-module.

If the ring R is noetherian then a is generated by some 1, ..., 2, and R*
is generated as an R-algebra by z1,...,x, € a (thought of as elements of
the second summand in R* = R & \af/@aQ @---). So R* is noetherian by

here
Hilbert’s basis theorem.

Lemma 12.11. Let R be a noetherian ring, M a finitely generated R-module,
(Mn)n20 an a-filtration of M. Then the following are equivalent:

i) M* is a finitely generated R*-module.
ii) The a-filtration (M), is stable.

Proof. Observation 1: Fach M, is a finitely generated R-module since M
is a noetherian R-module since M is finitely generated and R is noetherian.
Observation 2: Consider the following R*-submodule of M*:

oo
My=My® - &M, dPaM, .
i=1
Then the ascending chain (M.}), -, stabilizes < the a-filtration (M), - is
stable. - N
Assume (i). We have seen that R* is noetherian whenever R is, and so M*
is a noetherian R*-module by (i). Thus (M), - stabilizes, and so (M,),,~
is stable. - -
Assume (ii). Then (M,}), - stabilizes at some ng > 0. But M* = J,,~, M,
(ascending union), and thus M* = My, and we wish to show that M;'{O is
finitely generated as an R*-module. Now, M is generated as an R*-module
by Q = @,°, M,. Each M, is a finitely generated R-module and thus @ is
generated by some finite set S as an R-module. The same set S generates
M* as an R*-module. O

The Artin-Rees?® Lemma (see below) says that over a noetherian ring, a
stable a-filtration of a finitely generated module induces a stable a-filtration
on each submodule.

Proposition 12.12 (Artin-Rees Lemma). Assume that the ring R is noe-
therian. Let a be an ideal of R, M a finitely generated R-module, (My),~o @
stable a-filtration of M, N a submodule of M. Then (N N My),~, is a stable
a-filtration of N. N

46There are several closely related results known as the Artin—Rees Lemma. They are a
direct consequence of our version.
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Proof. We have a(NNMy) € NN aMy, and so | NN M, is an a-
~—~ ~——
CMZ+1 :ZNg >0

filtration of N. Thus N* = @,~, V¢ is a graded R*-module and a submodule
of M* = @ysog M. As discussed, R* is noetherian since R is. The a-filtration
(Mp) g is stable and so M* is a finitely generated R*-module by Lemma
12.11. So M* is a noetherian R*-module. Thus N* is a finitely generated
R*-module. So (Ny),~ is stable by Lemma 12.11. O

We will apply the Artin—Rees Lemma to study dimension, and see addi-
tional applications of the lemma in Example Sheet 4.

13. DIMENSION THEORY

Definition 13.1.
i) The length of a chain py C -+ C pg of distinct prime ideals of R is d
(there are d + 1 ideals in a chain of length d).
ii) The height htp of p € spec R is the supremum of the set of lengths
of chains of distinct prime ideals of R contained in p.
iii) The Krull dimension (or just, dimension) of R is

dim R = sup{htp | p € spec R} ,
and so
dim R = sup{ht m | m € mspec R}
(since a chain of prime ideals that does not end with a maximal ideal
can be extended).
Also, ht p = dim R, for all p € spec R, and so
dim R = sup{dim Ry, | m € mspec R} .
Hence, the computation of the dimension of a general ring reduces to the

computations of the dimension of local rings.

Definition 13.2. For an ideal I of R,
ht I = inf{htp | I C p € spec R} .

Remark 13.3. [ non-examinable | You can view the definition of dim R as
analogous to the fact that for a k-vector space V, dimy V is the supremum
over the set of lengths of chains of distinct k-linear subspaces of V', e.g.
{0} x {0} € {0} xR € R x R shows that dimg R? > 2, and there is no longer
chain of distinct R-linear subspaces of R? and so dimg R? = 2. More on
this connection in any course in algebraic geometry. This particular example
corresponds to the chain (0) C (X) C (X,Y) of prime ideals of R[X, Y.
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Proposition 13.4. Let A C B be an integral extension of rings. Then
i) dim A = dim B.
ii) If A and B are integral domains and k-algebras, k a field, then
trdeg;, A = trdeg, B.

Proof. (1) First, we show that dim A < dim B. Take a chain
poC - Cpa pi€specAd  d=>0.

By Lying-over and Going-up (Propositions 9.2 and 9.3), there are q; C -+ C
qd, 9; € spec B, such that q; N A = p;. We must have q; # q;41 because
p; # Pi+1. Thus dim B > d, and so dim B > dim A.

Now, we show that dim A > dim B. Take a chain

Go € - S qq q; € spec B d>0.
Contracting to A, we obtain a chain
GQNAC---CqqNA,

q; N A € spec A. We must have q; N A # q;4+1 N A because ¢q; € q and by
Incomparability (Proposition 9.4). Thus, dim A > d, and so dim A > dim B.
(ii) Exercise. O

Let A be a finitely generated k-algebra, k a field. By Noether’s normaliza-
tion theorem, we have an integral injective ring homomorphism k[T, ..., T,] —
A, d > 0. By ES3.Q10, dim k[T, ...,T,] = n (you will prove a more general
fact in ES4). Thus dim A = n by Proposition 13.4(i). In particular, the
number n in Noether’s normalization theorem is determined uniquely by A.

Proposition 13.5. Let A be a finitely generated k-algebra, k a field, and an
integral domain. Then

dim A = trdeg; A .

Proof. By Noether’s normalization theorem we have an embedding k[71, ..., Ty] —
A. By Proposition 13.4,

dim A = dim ]{[Tl, ce ,Td]
=d

and
trdeg;, A = trdegy, k[T1,...,Ty] .
—d
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13.1. Hilbert functions and polynomials. Let A = ®,>0A4,, be a noe-
therian graded ring. By Proposition 12.4, Ay is a noetherian ring, and A is
generated as an Ap-algebra by some z1,...,x,, x; € Ay, k; > 0.

Let 0 # M = @®,>0M,, be a finitely generated graded A-module. Then
each M, is an Ag-module. Claim: M, is a finitely generated Ag-module.
Proof: We have M = span {mi,...,m:}, m; € M,., r; > 0. Thus M,, =
{2221 a;my; | a; € An—ri}~ Thus

S
M, = spany, m‘fl"-xis-mi\lgigt,g kie; =n—r;
i=1

From now on, we make another assumption:
The ring Ag is artinian .

Thus, each M, is a finitely generated module over the artinian ring Ag. So M,
is both noetherian and artinian, and so it has finite length, i.e. £(M,,) < 0o
(see ES2.1b). Recall that the length of an Ap-module P is supremum of
the set of lengths of all composition series for P. If Ag = k is a field then
((P) = dimy, P.

Definition 13.6. Let A = @,,~, An be a noetherian graded ring, generated
by x1,...,2s, x; € Ay, ki > 0, where Ag is artinian. Let M = D,~0 Mn
be a finitely generated graded A-module. The Poincaré series of M is the
power series:

P(M,T) = iE(Mn)T” e Z[[T]]
n=0

(where R[[T]] stands for the ring of formal power series over the ring R).

Theorem 13.7 (Hilbert—Serre). P(M,T) is a rational function in T of the
form %, f(T) € ZIT).

Proof. Recall that A is generated as an Ag-algebra by x1,...,zs, x; € Ag
k; > 0. The proof is by induction on s.

In the base case s = 0, P(M,T) is in Z[T] (i.e. a polynomial): Indeed,
in this case A = Ag. Thus M is generated as an Ag-module by some finite
subset S C M. Take ng > 0 such that S C My @ --- @& M,,. Then M,, =0
for all n > ng, and so P(M,T) is a polynomial.

Assume that s > 0 and that the theorem holds for s — 1. Write” M =
D,.cz My, where M,, = 0 for all n < 0. Let n € Z. Then m +— xsm: M, —

77

47Previously7 we defined graded module where the summands are indexed by Z>o. But
we can do the same thing where the indices are in Z.
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M, 1, is a homomorphism of Ap-modules. Thus it gives rise to an exact
sequence of Ag-modules

(13.1) 0— K, — M, =% Mg, = Lyyr, — 0

(K,, = ker(m +— xsm) and Ly, = M1k, /im(m — zsm)).

Let K = ®,ezK,, and L = @GpezLlpyr,. Both K and L are graded A-
modules (For K, note that if m € K, and a; € A;, i > 0, then a;m €
My1; and xsa;m = ajxzsm = 0, and so aym € K,y;. For L, we have
L = (®nezMpik,)/(Bnezim(m — zsm: My, — My1,))). So the graded A-
modules K and L are finitely generated (since K and L are, respectively, a
submodule and a quotient of M, and A is noetherian). Both K and L are
annihilated by x5 (check!). So both are finitely generated Ag[x1,...,x5-1]-
modules.

Applying £(-) to (13.1) (see ES1.Q12), we have

(Kp) — €(Mp) + (Mpyk,) = €(Lnyr,) =0 .
Hence
O(Myyp,) - T s —Trs (M) - T™ = €( Ly, - TR — TR 0(K,) - T .

Summing over all n € Z, we have

(13.2) (1 - T'“S)P(M, T) = P(L,T) — T" P(K,T) .
The claim now follows from the induction hypothesis applied to L and
K. U
The rational function R(T") — S ___is holomorphic on {zeC||z| <1},

T, (TR
and P(M,T) =3 02 0(M,)T" is tll(le Ta;lor expansion of R(T) at T' = 0.
Thus the radius of convergence of P(M,T) to R(T) is at least 1.
At T =1, R may have a pole (unless f vanishes at 7' =1 to a high enough
order). Write d(M) for the order of the pole at T'=1 of of R(T).
Claim: d(M) > 0. Proof: If d(M) < 0 then R(T) vanishes at T' = 1.
Thus, for all £ > 0,

. f(T)
0= 1 e
o1 (Hf:1(1 — Tk
=P(M,T)
= lim P(M,T)
T—1- N —’
:ano oMy )T

> lim £(M;)T"
T—1—

= ((My) ,
and so £(My) = 0 for all £ > 0. Hence M = 0, a contradiction.
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Example 13.8. Consider the polynomial ring A = k[T, ..., Ts] = D,,50 An,
where A, is the additive subgroup consisting of 0 and all homogeneous
polynomials of degree n.

i) A is generated as an Ay -algebra by T1,...,Ts € A;. Thus k1 =

... = ks =1 for this chc?i](ie of generators.
ii) By Stars and Bars, there are exactly (Stﬁfl) monomials of degree n
in k[Ty,...,T], and they form a k-linear basis for A,. So ¢(4,) =
dimy A, = (nt&;*l) = p(n) for a polynomial p € Q[T] of degree s — 1.

iii) Thinking of A as a graded A-module*®,

n>0

- Z Tt
>0
1
(1 _ T)S ?
which has the form predicted by Theorem 13.7.

The existence of the polynomial p € Q[T] as in (ii) of the example above,
in the situation of (i) in the same example, is a special case of the following
result.

Proposition 13.9 (Hilbert Polynomial). If ky = ... = ks = 1 then there is
a polynomial HP yr € Q[T of degree®® d(M) — 1 such that £(M,,) = HP s (n)
for all large enough n (check that there is at most one such polynomial - and
hence there is exactly one!).

Proof. Write d = d(M). By the Theorem 13.7, and since d > 0, there is
f € Z|T] such that ¢(M,,) is the coefficient of T in IM) and f(1) #0.

(1_T)d7
Write f(T) = Zke:gof arT*, ap € 7. Now™

AN (JFd=1Y
<1—T>d—z<3 . )T,

=0/
=:b;

48Arguing more directly, both the number of monomials of degree n in s variables, and
the coefficient of 7™ in (Zz>o Té) , are equal to the number of elements of (Z>¢)® whose

sum is n. So, we can make the computation even if we don’t remember the Stars and Bars
n+s—1)

formula ( .

49Convention: The degree of the zero polynomial is —1.
500ur convention: (") =0ifn>0and (j) =1.
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and so
deg f
U(My) =) aiby—i  Yn>degf,
i=0
where b,,_; = ("4,

Now ("jﬁjfl) is a polynomial in n of degree d — 1, and the coefficient of
n?1is 1/(d — 1)!. Thus, for all n > deg f, ¢(M,) = p(n) for a polynomial
HP)s € Q[T] of degree most d — 1, and the coefficient of n?~! in HP )y is

deg f

Zak /(d—1)!'#0, and so degHPy; =d — 1. O

k=0

——

= F(1)0

The function n — ¢(M,,) is the Hilbert function of the graded A-module M.
The polynomial HP s is the Hilbert polynomial of M. Note that HP; € Q[T]
sends Z>q to Z>o, but usually HP s is not in Z[T] (recall, for example, that
3T (T + 1) sends integers to integers).

Remark 13.10. [ non-examinable | This remark motivates the need to
have a purely algebraic definition of dimension (i.e. the Krull dimension).
There are many other reasons to want this, not listed below, but I think the
following points, together, are particularly nice.

(1) Number of independent directions: Assume that dim C[T1,...,T,]/I =
d, V(I) C C" is irreducible, and x is a non-singular point of V(I) C
C™ (almost all points are non-singular) then the dimension (over R)
of the tangent space to V(I) at x is 2d (the factor of 2 comes from
[C:R]=2).

(2) p3™ points with all entries in Fp: Let p be a prime number. If
fiyeoos fr € F[T), AimFYE[TY, ..., T)/ (f1,-- ., fr) = d, and V(J) C

T

F3'¢ is irreducible then

V()NFy| =1 +ep? | <Cp /2,

where C' depends only on J. That is, V(J) has approximately p?
points with all entries in F),. This is the Lang—Weil bound. If V' (J)
is not irreducible then we have a similar estimate |V(J )NFy| ~ ep?,
where ¢ is the number of irreducible components of V(.J) that can
be defined over F, among the irreducible components of V(J) of
dimension d (this number can be 0 even if V(J) # 0).

(3) Computation of the dimension: Given an ideal I = (fi,..., fs) of
C[Ty,...,T,], we can compute a Groebner basis {g1, ..., g:} (a special
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kind of generating set), and then read the dimension of C[T4, ..., T,]/I
easily. For example, in C[X,Y, Z], the polynomials Y3 — Z2 X2 —
Y, XY —Z, X Z—Y? form a Groebner basis for the ideal I of C[X,Y, Z]
that they generate (w.r.t. to grlex order, to be precise). The leading
monomials (w.r.t. grlex) are Y3, X2 XY, XZ. Theset S = {X,Y} of
variables is of minimal cardinality among sets satisfying the following
property: each of the leading monomials above involves a variable in
S. Thus (this is a theorem) dimC[X,Y, Z]/I = {X,Y,Z}\ S| = 1.
This works in general with any number of variables and any ideal I.
This theorem can be proved using Hilbert polynomials. The theorem
works over every algebraically closed field, not just over C.

C wvs. Fglg: Let fi,...,fs € Z[T1,...,T,] generate an ideal I
of C[T1,...,T,]. For a prime number p, let I, be the ideal of
Fglg[Tl, ..., T,] generated by the images of fi,...,fs mod p. If
dimC[Ty,...,T,]/I = d and V(I) C C" is irreducible, then for all
but finitely many prime numbers p we have dim C[T1,...,T,]/I =d
and V(I,) C (FZlg>n is irreducible. To prove the claim about the
dimensions elementarily, note that a Groebner basis generated from
f1,. .., fs will still be over Q. Multiplying by the denominators, the
Groebner basis will be over Z. Reducing mod p, a Groebner basis
stays a Groebner basis as long as none of the leading coefficients
vanish mod p. Now use (3). So log,|V (1) N Fz‘ ~ d by Lang—Weil,
as described above (for all but finitely many prime numbers p).
Putting it all together: Let [ be an ideal of Z[T7, ..., T,] such that
V(I) C C" is irreducible. Combining all of the above, we see that we
can compute the dimension over R of the tangent space to V(1) C C"
at any non-singular point by computing the cardinality of V(1) N Fy.
The latter can sometimes be done with tools of combinatorics or
analysis. I find this connection between varieties over C and over [,
very beautiful.

Note that if I is a specific ideal given by an explicit set of generators,
we have described in (3) an algorithm to compute the dimension.
But sometimes we do not completely understand I, but we can still
approximate }V(Ip) N IF;L‘ Remember, though, that there is a finite
number of bad primes for which this does not work, and we do not
necessarily know what these primes are.

More generally, if V(I) € C™ is not known to be irreducible, we
can still study it by approximating ’V(Ip) N Fgl for various prime
numbers (e.g. in order to prove that V(I) is irreducible). There is a
technique to do that, based on Chebotarev’s density theorem from
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number theory. Chebotarev’s theorem becomes more efficient if one
assumes information about the Dedekind zeta functions of number
fields (e.g. assumes the Generalized Riemann Hypothesis). This
efficiency is useful because it allows us to study V' (I) by approximating
‘V(Ip) N IE‘Z‘ only for a relatively small number of relatively small
primes, and this may be easier. J.P. Serre has a beautiful book
about this, titled simply “Nx(p)” (in Serre’s notation, X = V(I),
and Nx (p) = |V (I,) ﬂFg‘).

13.2. Dimension theory of noetherian local rings.

Lemma 13.11. Let (A, m) be a noetherian local ring. Then

(1) An ideal q of A is m-primary < m! C ¢ C m for some t > 1.
(2) For a m-primary ideal q of A, A/q is artinian.

Proof. (i) Ifthquthen@C\/ﬁC\/ﬁandso v/ = m and thus q
=m

is m-primary. Conversely, if q is m-primary then /g = m and so m* C g for
some t > 1 (in a noetherian ring, every ideal contains a power of its radical,
see ES2.Q2e), and clearly q C m.

(ii) First, (A/q, m/q) is a noetherian local ring. If ¢ C p C mand p € spec A
then /q C p and so p = m. Thus m/q is the only prime ideal of A/q, and

~—

=m
so dim A/q = 0. Thus A/q is artinian. O

Fix a noetherian local ring (A, m). Here are three numbers we can extract
from A:

(1) dim A (the Krull dimension of A).

(2) 6(A) = min{d(q) | q is an m-primary ideal of A},
where §(q) is the cardinality of the smallest generating set for the
ideal q.

(3) d(Gm(A)) (the order of the pole at T' = 1 of the rational function
P(Gw(A),T) = 307 t(m" fm"*1) - T™).

Our goal here is to prove that all three are equal:

Theorem 13.12 (Dimension theorem). For a noetherian local ring (A, m),
d(A) = d(Gn(A)) = dim A.

Proof. Combining Propositions 13.18, 13.20, 13.22 below, we have §(A) >
d(Gn(A)) > dim A > 6(A). O

Before proving the three propositions that imply Theorem 13.12, we show
an application. Recall that a minimal prime ideal of an ideal a of a ring R is
a minimal element of {p € specR | a C p}.
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Corollary 13.13 (Krull’s Height Theorem). Let a = (z1,...,z,) be an ideal
of a noetherian ring A. Then htp < r for every minimal prime ideal p of a.

Remark 13.14. Consider the localization map A — A,. If n € spec A, contains
aAp then a C (ady)® C n® C p, and so n® = p, and thus n = n® = pA,. Thus
\/aT pA, (the radical of an ideal I is equal to the intersection of the prime
ideals containing I). Thus CLA,J is pAp-primary since pA, € mspec A,. But
aAp is generated by %, ..., %, and thus htp = dim A, = §(A4;) < 6(ady) <
r.

Remark 13.15. | non-examinable | In Example Sheet 4, you will show
that if A is an integral domain and a finitely generated algebra over a field,
then dim A/p = dim A — htp (you will also show that this is false in more
general noetherian rings). Thus, in this case we can think of htp as co-
dimension. Geometrically, this implies that for an algebraic set X defined
by r polynomials on the affine space A, every irreducible component of X
is of dimension at least n — r. This generalizes what you know from linear
algebra: A linear subspace defined by r linear equations on k™ has dimension
at least n — 7.

Lemma 13.16. Let p € Q[T]. Then 37—y p(k) = q(n) for alln > 0 for
some q € Q[T], where the leading term of q depends only on the leading term
of p, and degq =1+ degp (unless p =0, and then ¢ =0).

Proof. This follows since ZZ;(I) k' is a polynomial in n of degree ¢+1 (exercise).
O

Definition 13.17. Consider a function f: Z>¢ — Z>o.

(1) If there are g € Q[T] and ng € Z such that f(n) = g(n) for all n > ny,
we shall say that f is eventually a polynomial.

(2) If f is eventually a polynomial then g € Q[T] above is determined
uniquely by f, and so we may define (i) deg f, (ii) the leading coeffi-
cient of f, and (iii) the leading term of f, as those of g (recall, e.g.
that the leading coefficient of %T?’ + 47T is %, while its leading term is
$T3).

Let (A, m) be a noetherian local ring.

Let g be an m-primary ideal of A. Consider the associated graded rings
GolA) = A/q & Doy 0" /a7 and Gu(A) = A/m @ @5, m" /m™. By
Lemma 13.11, the rings A/q and A/m are artininian. Furthermore, q is
generated by 6(q) < oo elements (since A is noetherian), and so G4(A4) is
generated as an A/g-algebra by 0(q) < oo homogeneous elements of degree 1
(which are the images in q/q? of the §(q) generators of q). Similarly, Gy, (A) is
generated as an A/m-algebra by 6(m) < oo homogeneous elements of degree 1.
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By Proposition 13.9, E(q”/q"“) and €(m”/m”+1) are eventually polynomials
of degrees d(G4(A)) — 1 and d(Gw(A)) — 1, respectively. Hence, by Lemma

13.16, (A/q") and L(A/m™) are eventually polynomials of
—_—— ~—_——
=232 L(akt1/ak) =DTp2g H(mntt /mn)

degrees d(Gq4(A)) and d(Gwm(A)), respectively. In fact, d(G4(A4)) = d(Gw(A))
(see the proof of Proposition 13.18 below).

Proposition 13.18. §(A) > d(Gw(A)).

Proof. Let q be an m-primary ideal of A. By Lemma 13.11, m! C q C m for
some ¢ > 1, and thus ((A/m") < ((A/q") < £(A/m™) for all n > 0. So°!
degl(A/q") = deg(A/m™), and so d(G4(A)) = d(Gn(A)).

By Theorem 13.7, the Poincare series P(G4(A),T') is a rational function

of the form jf)gm, and thus d(G,(A)) < 6(q). Hence d(Gun(A)) < 8(q).

Taking q to be an m-primary ideal of A such that §(A) = d(q) completes the
proof. O

Lemma 13.19. If x € m is not a zero divisor then d(Gy/)(A/(x))) <
d(Gm(A)) — 1.

Proof. Consider the noetherian local ring (A/(z), m/(z)). Then

d(Gy()(A/ (2))) = degt| (A/(x))/ (m/(z))" | =degl(A/(m" + (x))) .
———
=(m"+(z))/(x)
On the other hand,
d(Gm(A)) = degl(A/m™) .
Thus, we need to prove that deg((A/(m" + (z))) < deg ¢(A/m") — 1.
The short exact sequence
0— (m"+(z))/m" — A/m"” — A/(m" 4+ (x)) — 0
=(z)/(mmN(x))
shows that £(A/(m" + (x))) = ((A/m™) — £((z)/(m™ N (x))), and also that
((x)/(m™N(x))) is eventually a polynomial (since the other two terms
are). Thus it suffices to show that the leading terms of ¢(A/m") and
(((z)/(m™ N (x))) are the same.

Since z is not a zero divisor, we have an A-linear isomorphism A — ()
given by a — az. This map induces an A-linear isomorphism A/m"™ —
(z)/m™(z) for all n, and thus £(A/m™) = ¢((z)/m"™(z)). Thus, it remains to
show that ¢((z)/m™(z)) and ¢((x)/(m™ N (z))) have the same leading term.

SIf | £(n)| < |g(n)| < |f(tn)] for all n > 1 for polynomials f, g € Q[T], then deg f(z) <
deg g(x) < deg f(tx).
——

=deg f(z)
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Clearly (m"), - is a stable m-filtration of the noetherian ring A, and so,
by Artin-Rees (Proposition 12.12), (m" N (z)), 5, is a stable m-filtration of
the submodule (x) of A. Thus, the filtrations (m™ N (z)),5, and (M™(z)), >0
of () are equivalent by Lemma 12.10. That is, m"*" 0 (z) ¢ m"(x) and
m"t"0 () C m™ N (z) for all n > 0 for some ng > 0. Hence

£((z)/m"="0 N (@) < () /m"(2)) < L((z)/m" 0N ()
and thus® ¢((x)/m"(z)) and £((x)/m™ N (x)) have the same leading term. [
Proposition 13.20. d(Gn(A)) > dim A.

Proof. We prove the claim by induction on d(Gy(A)). If d(Gn(A)) = 0 then
deg ¢(m"/m™*1) = —1, and so, for all large enough n, £(m"/m"*) =0, i.e.,
mn+1
=m-m"
ring (since A is a noetherian ring where some finite product of maximal ideals
is 0, see Example Sheet), and so dim A = 0.

Assume that d(Gm(A)) > 0. If dim A = 0 we are done. Assume that
dim A > 1. Take a chain pg C --- C p,., 7 > 1, of prime ideals of A. It suffices
to show that d(Gm(A)) > 7.

Consider the noetherian local integral domain (A/po, m/pg), and let = €

P1 \po Then d(Gm/po(A/pO)) < d(Gm(A)) : Indeed, (A/po)/(m/po)" =
———

=deg (((A/po)/(m/po)™) ~ =degl(A/m™)
(A/po)/((m™ +po)/po) = A/(m™ 4 pg) is isomorphic to a quotient of A/m",
and thus £((A/po)/(m/po)") < L(A/m™) for all n > 1.

By Lemma 13.19 and since x ¢ pg, we have

d(Gm/(Po+(m))(A/(p0 + (x)))) < d(Gm/Po (A/pl))) -1
<d(Gm(A))

=m", and so m" = 0 by Nakayama’s Lemma. Thus A is an artinian

and thus the induction hypothesis implies that
d(Gin/(po-+ () (A/ (po + (2)))) = dim A/(po + (2)) ,
and so together we have
d(Gn(A)) = dim A/(po + (2)) + 1
and thus it suffices to show that
dimA/(po + (z)) >r—1.

This indeed the case because the images of p1 C --- C p, in A/ | po + (z)
———

Cp1
form a strictly ascending chain of prime ideals. O

52rf f(n—mno) < g(n) < f(n+no) for all large enough n for polynomials f,g € Q[T
and some ng > 0, then f and g have the same leading term.
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Remark 13.21. [ non-examinable | The proof considered the ring A/(po + ()).
The geometric intuition (I am only assuming familiarity with algebraic sets)
is that if A = C[T1,...,T,]/I corresponds to an algebraic set X = V(I),
then A/pg corresponds to an irreducible component Y of X (if pg is min-
imal), and A/(po + (z)) corresponds to the intersection of the irreducible
component with the hypersurface defined by the equation p(77,...,T,) =0,
where x = p + I. We expect the dimension of an irreducible algebraic set Y
to decrease after intersecting Y with a hypersurface that does not contain Y.
Using Lemma 13.19, we see that this property indeed holds if we think of
d(Gm(+)) as a measure of dimension. This enables us to reason by induction,
and eventually to conclude that d(Gn(A)) really is the Krull dimension of
a noetherian local ring (A, m), once the proof of the Dimension Theorem is
complete.

Proposition 13.22. dim A > §(A) (i.e., there is a an m-primary ideal q
generated by dim A elements).

Proof. Write d = dim A. Then ht m = d, and every m # p € spec A satisfies
htp < d. Thus, it is enough to construct an ideal q = (z1,...,24) Cmof A
such that htq > d because then htp > d for every q C p € spec A, and so
p =m, and thus /q = qupEspecA =m, and hence q is m-primary.

We construct z1,...,z4 € m inductively such that ht (zy,...,2;) > i for
all . The base case qop = (0) satisfies ht qo > 0 (since qq is contained in a
minimal prime ideal of A, which must have height 0).

Take q;—1 = (1,...,2-1), i — 1 < d, such that ht q;—1 > i — 1. There are
only finitely many prime ideals p1,...,ps of A of height ¢ — 1 that contain
gi—1 because:

(1) each p; is a minimal prime ideal of q;_; since htq;—; > — 1, and
(2) g;—1 has only finitely many minimal prime ideals since A is noetherian

(see ES2.Q2c¢).

Now, i —1 < d=htm, and so m ¢ p; for all j, and som ¢ U§:1 p; by Prime
Avoidance (ES1.Qb5a). Take z; to be any element of m \ Uzzl p;, and let
q; = (z1,...,2;). Then every p € spec A such that q; C p satisfies q;—1 C p
and p ¢ {p1,...,p:} (since z; € p). Thus htp > i. Hence ht q; > i. O

Remark 13.23. The proof of the Dimension Theorem 13.12 is now complete.
Thus, so is the proof of Krull’s Height Theorem (Corollary 13.13). Therefore,
each of the ideals g; in the proof of Proposition 13.22 satisfies ht q; < 4 since
q; is generated by i elements, and thus, in fact, ht q; = 7.
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14. DEDEKIND DOMAINS AND DISCRETE VALUATION RINGS

Definition 14.1.

(1) A discrete valuation v on a field K is a surjective group homomor-
phism® v: K* — Z such that v(z +y) > min{v(z),v(y)}. Write
v(0) = oo.

(2) The valuation ring of v is the ring {x € K | v(z) > 0}.

(3) An integral domain A is a discrete valuation ring (DVR) if A is the
valuation ring of some discrete valuation v on Frac A.

Ifv: K* — Z is a discrete valuation on a field K then v(1) = v(1-1) (
and so v(1) = 0. Thus 0 =v(1) = v((—1)(=1)) = 2v(—1) and so v ( 1) =
Hence, for all z € K*, we have v(—z) = v((—1)z) = v(-1) + v(z) = v(z )

\_/

Example 14.2.

(1) Take K = Q and a prime number p. Every x € Q can be written as
x = p"y for integers n,a,b, where a and b are not divisible by p. Let
vp(x) = n. Then v, is a discrete valuation on Q. The valuation ring
of v, is

e eQlv(@) >0} = {3 labeZptb} =2y .

i.e. the localization of Z at the prime ideal (p).

(2) Let K = k(T), the field of rational function over k, and an irreducible
polynomial f € k[T]. Then, similarly to the previous example, we
have a discrete valuation vy with valuation ring k[T .

Fact 14.3. Letv: K* — Z be a discrete valuation, and A = {x € K | v(z) > 0}
the valuation ring of v (necessarily A is a DVR). Then:

(1) An element x € A belongs to A* if and only if v(z) = 0.
Proof: If x =0 then v(z) = o0 # 0. Now, take x # 0. Then z € A*
srledev(z™)>0e ) <0 e v(z)=0.
ey
(2) A is a domain.
Proof: A is a subring of the field K.
(3) Take any m € A with v(m) = 1. Then the nonzero ideals of A are
precisely (71'0) 2 (') 2 (x?) 2+, and so (A, (7)) is a noetherian
—

=A
local domain.

Proof: Let a # 0 be an ideal of A. Let k = min{v(z) | x € a}. Then
k < oo since a # 0. For x € a, we have v(amr_k) =v(x)—k >0,
and so xn* € A, and thus ¢ = xn % . 7F € (ﬂ'k) SoaC (ﬂ'k) On

53i.e. v(ab) = v(a) + v(b) for all a,b € K*.
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the other hand, for xg € a such that v(xg) = k, we have v(7r IL‘al)

k—k=0, and so 7F :Wka:al‘xo € a. Thus (7rk) Ca Soa= (ﬂ'k)

Finally, the inclusions are strict since (") = {x € A|v(z) > n}

(check!). This also shows that v is determined uniquely by A (explain!).
(4) spec A = {(0), (m)}, and so dim A = 1.

Proof: (0) is prime and (w) is mazimal by the points above. For

k > 2, the ideal (ﬂ'k) of A is not prime because, e.g., ™F € (ﬂ'k), while

T ¢ (n*).

k

We have shown, in particular, that:
Lemma 14.4. FEvery DVR is a noetherian local domain of dimension 1.

Note that a ring A is a local domain of dimension 1 if and only if spec A =
{(0),m} for some m # (0) (necessarily maximal). Indeed, “domain” means
that (0) is prime, “local” means that there is exactly one maximal ideal m,
and “dimension 1” means that m # (0) and that there are no prime ideals
between (0) and m. If we assume further that A is noetherian, then the chain
m® > m! Dm? > ... is strictly desceding. Indeed, if m"*! = m" for some n,
then m” = 0 by Nakayama’s lemma, and thus the notherian ring A is artinian
(as in the example sheet), and so dim A = 0, a contradiction.

Among noetherian local domains of dimension 1, DVRs are characterized
in several equivalent ways:

Proposition 14.5. [ Only (1) = (2) = (3) fully covered in the lecture.
For the rest, see ESj. | Let (A,m) be a noetherian local domain of
dimension 1. Then, the following conditions are equivalent:

1
2

(1) A isa DVR.

(2)

(3) m is a principal?* ideal.
(4)

(5)

A is integrally closed.

4) FEvery nonzero ideal of A is a power of m.
5) There s ™ € A such that every nonzero ideal of A is equal to (7™)
for some n > 0.

Proof. (1) = (2): Assume that A is a DVR. Then A is the valuation ring
for some discrete valuation v: Frac A — Z. Take x € Frac A integral over A.

54Any generator of m is called a uniformizer, or uniformizing parameter.
55Thus 7 is a uniformizer.
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Then 2" + a1z ' 4+ -+ anz’ =0, n > 1, a; € A. Thus

v(z™) = v(al:p”_l +o 4+ anxo)
——

nv(z)

> i ‘ .
z min v(a;) +(n —i)v(z)
>0

So nv(z) > (n —ig)v(z) for some 1 < iy < n, and thus igv(z) > 0 and so
v(x) > 0 and thus z € A.

(2) = (3): Assume that A is integrally closed. We want to find x € A
such that m = Azx. It suffices to find x € Frac A such that m = Ax because
this implies that m 3 1 -2 and so x € A. Equivalently, we are looking for
x € Frac A such that z7'm = A. Tt suffices to require (I) 7 'm C A and (I
z7'm ¢ m because (I) ensures that z7'm is an ideal of A (check!), and (II)
ensures ~'m is not contained in the unique maximal ideal of A.

Write 2 = ¢ for nonzero a,b € A. To ensure (I), we need 2m C A4, ie. (I')
bm C Aa. To ensure (II), it suffices to ask for =1 not to be integral over
A (because then, if z7'm C m, then m would be a faithful A[:U_l}—module,
finitely generated over A since A is noetherian, contradicting Lemma 6.4).
Since A is integrally closed, this is the same as requiring {j/ ¢ A, ie. (II')

=b/a
b ¢ Aa.

We are left with choosing a and b to ensure (I') and (II’). Take any
0 # a € m. Then v Aa = m since spec A = {(0),m}. Thus m* C Aa for some
t (in a noetherian ring, every ideal contains a power of its radical). Take ¢
to be minimal, i.e. m™! ¢ Aa. Choose any b € m*~1\ Aa, clearly ensuring
(IT’). Then bm C m* C Aa, and so (I’) holds as well.

(3) = (4): Let a be a nonzero proper ideal of A. Then \/a = m since
spec A = {(0),m}. Thus, m* C a for some £ > 1, and so m*! C a, and in
particular a ¢ mé*!. Thus, since a C m', there is t > 1 such that a C m’ but
a ¢ m*1. Assume that m is principal, i.e. m = (1), 7 € A. Takey € a\m!™!.
Then y = an® for some a € A, but y ¢ m'™! and so a ¢ m, and thus a € A*.
Thus 7' € a, and so (7') Ca C (7'), i.e. a =m’,

(4) = (5): We have m # m?. Take 7 € m \ m?. Then (7) = m" for some
r > 1 by hypothesis, and so r = 1 since 7 ¢ m?, i.e. (7) = m. So, every
nonzero ideal of A is of the form m” = (z"), r > 0.

(5) = (1): Assume (5). The chain ((7")),,>( is strictly decreasing: If
(7r”+1) = (7"), then (7"*") = (a™) for all i > 0 and so A has finitely many
=m(7")
ideals, in contradiction with our previous discussion. Thus, for 0 # a € A,



COMMUTATIVE ALGEBRA 112

(a) = (Wv(a)) for exactly one integer v(a) > 0. For ¢ € Frac(A)™, we let
v(%) = v(a) — v(b). It is left to the reader (see Example Sheet 4) to check
that v is a discrete valuation, and that A is its valuation ring. O

Exercise 14.6. Let A be a noetherian local domain of dimension 1. Prove
that A is a DVR if and only if dimj, m/m? = 1, where k = A/m.

We have characterized DVRs among noetherian local domains of dimension
1. Their global counterpart to DVRs are Dedekind domains, which are a
special kind of noetherian domains of dimension 1.

First, note that a ring A is an integral domain of dimension 1 if and only
if (0) € spec A and every nonzero prime ideal of A is maximal.

Definition 14.7 (Dedekind domain). Let A be a noetherian domain of
dimension 1. Then A is a Dedekind domain if it satisfies one (hence all) of
the following equivalent conditions:

(1) A is integrally closed.

(2) Ay is a DVR for each 0 # p € spec A (i.e. for each p € mspec A).

Proof of equivalence. First, note that for each m € mspec A, Ay, is a noether-
ian local domain of dimension dim Ay, = ht m = 1. By Proposition 14.5, Ay
is a DVR if and only if Ay, is integrally closed. Hence, equivalence follows
from ES3.Q7, which says that a domain A is integrally closed if and only if
Ay, is integrally closed for all m € mspec A. O

Before we continue, we need the following fact:

Fact 14.8. [ Not covered in the lecture, see ES/ | Consider the local-
ization map R — SR for a multiplicative subset S of R. Take p € spec R
such that pNS =0, and let q be a p-primary ideal of R. Then q is contracted
from S~'R.

Proof. By Proposition, we need to show that the image S of S in R/q does
not contain zero divisors. Since q is primary, this is the same as showing that
S does not contain nilpotent elements. If it did contain a nilpotent element
s+4q,s€8,ie s"+q=0 for some n > 1, then s € \/q = p, contradicting
the assumption p NS = 0. O

Proposition 14.9. [ Not covered in the lecture, see ES/ | Let A be a
Dedekind domain and (0) # p € spec A. Then the set of p-primary ideals of
Ais {p"},>1, and (p"),,>1 s a strictly descending sequence.

Proof. On one hand, \/p™ = y/p = p, a maximal ideal, and so p™ is p-primary.
Conversely, let q be a p-primary ideal of A. Then gqA, is a nonzero proper
ideal of the DVR A, and thus qA4, = (pAy)" = p™A, for some n > 1 by
Proposition 14.5(4). By Fact 14.8, q = (q4,)° and p" = (p™A4;)°, and thus
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q=p". As for the last assertion, if p"*1 = p™, n >0, then p" 1A, = p"A4,,
and thus p"A, = (0) by Nakayama’s Lemma, and so pA, = 0 since A4, is a

—~—

=(pAp)"
domain, and thus p = (0), a contradiction. O
Let a # (0) be an ideal of a Dedekind domain A. Then a has a minimal
primary decomposition since A is noetherian. In light of Proposition 14.9,
this can be written as a = p{* N--- N p, where py,...,p, are all nonzero
since a # (0). The associated prime ideals p1,...,p, are in mspec A, and
thus there are no inclusions among them. So p1,...,p, are the isolated prime
ideals of a, and p{',...,p% are the isolated primary components of a. So
p1,...,pn and pi', ..., po» are uniquely determined by a. Hence, eq,... e,
are also uniquely determined by a by the last assertion of Proposition 14.9.

Proposition 14.10. Let A be a Dedekind domain, and a # 0 an ideal of
A. Then a = p§t---pS», where py,...,pn € (spec A) \ {(0)} are distinct and
e; > 1. Furthermore, p1,...,pn and e, ..., e, are uniquely determined (up

to reordering).

Proof. Consider distinct py,...,p, € (spec A) \ {(0)}, and ey, ..., e,, ¢; > 1.
Then pq,...,p, are pairwise co-prime since they are distinct and maximal.
Thus p{t,...,p5" are pairwise co-prime by ES3.Q6b. Thus p{* N---Np =

pSt - per by the Chinese Remainder Theorem®® (ES1.Q4). Thus the existence
and uniqueness follow from the discussion above. O

Remark 14.11. | Not covered in the lecture, see ES4 | For a factorization
a=pS' - pS asin Proposition 14.10, we have aRy,, = (p1Rp,) -+ - (pnRp,)™" =
(piRp,)" (explain using Proposition 4.16(3) !). Now, R,, is a DVR, with a uni-
formizer m; € Ry,, p; Ry, = (m;), and a discrete valuation v;: Frac(Ry,) — Z.
So Ui(aRpi) = €.

Proposition 14.12. Let K be a number field®'. Let O be the ring of
integers of K (i.e., the integral closure of Z in K ). Then Ok is a Dedekind
domain.

Proof. Clearly, O is a domain since it is a subring of the field Ox. We
have O C Frac Og C K (in fact®® Frac O = K). By Lemma 6.12, O is
integrally closed in K, and thus also in Frac Og. Now, Z C Ok is an integral
extension, and thus dim O = dimZ = 1.

56The Chinese Remainder Theorem, as stated in the example sheet, gives us that the
kernel of the natural map A — A/p7' x--- X A/pgr is pit - - - p5», but this kernel is evidently
also equal to p7t N---Npy.

5TA number field K is a finite extension of Q, i.e. [K : Q] < oco.

58We only need the trivial inclusion Frac Ox C K, but it feels silly not to mention that
this is an equality becuase this is such a basic fact. Proof: If z € K then x is algebraic over
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We have shown that O is an integrally closed domain of dimension 1. It
remains to show that Ok is a noetherian ring, i.e. a noetherian Og-module.
In fact, Ox = ZIKQ as Z-modules, and thus Ok is a noetherian Z-module,
a fortiori a noetherian Ox-module (explain!). We record this fact in the next
proposition. O

Proposition 14.13. [ non-exmainble | The ring of integers of a number
field K is isomorphic is a free Z-module of rank [K : Q).

Proof. See any text on algebraic number theory (or Atiyah-Macdonald). O

Remark 14.14. [ non-examinable | More generally, for an extension A C
Frac A C K, where A is a Dedekind domain and K/ Frac A is a finite separable
field extension, the integral closure A of A in L is a Dedekind domain. The
proof is similar to the one above, except for the fact that A does not have to
be a free A-module (but in general A an A-submodule of a free A-module
of rank [K : Frac A], and hence A is a noethrian A-module, and hence A
is a noetherian A-module, i.e. a noetherian ring). If A is a PID then
A = A FracA] 49 A modules, like in the case Z € Q < K discussed
~ ~~

=A =Frac A
above.

Q since [K : Q] < oo, and s0 apz™ + - -+ + anz® = 0 for some ag ,...,an € Z (explain!).
o7

Multiplying both sides by ag_l, we see that aox is integral over Z, i.e. apx € Ok. Thus

T = % € Frac Ok (as ap € Z C Ok).
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15. EXAMPLE SHEETS

Example Sheet 1. In all exercises, k is a field and R is a ring (commutative
and unital).
(1)
(a) Let I be a finitely generated ideal of R, and let S be a generating
subset of I. Prove that there is a finite subset Sy of S that
generates I.

(b) Let f € k[Ty,...,T,] be a nonzero homogeneous polynomial.
Prove that f(Ti,...,T,-1,1) is a nonzero polynomial. Show
that the assumption that f is homogeneous cannot be dropped.

(c) Let 0 # f € k[Th,...,Ty], d = deg f.
(i) For S C k, prove that {(s1,...,5n) € S™ | f(s1,...,5n) =0}
has at most d|S|""" elements [ Hint: Induct on n |.

(ii) Deduce that if k is infinite then there is (x1,...,2,) € k"
such that f(x1,...,z,) # 0. Show that the assumption
that & is infinite cannot be dropped.

(2) Let M, N be modules over a ring R. Prove®:
(a) Commutativity: M @ N — N ® M as R-modules via a map
sending m @ n — n ® m.

(b) Associativity: (M @ N)®P — M®(N ® P) — M@N®P
as R-modules via maps sending (m®@n) @ p—» m® (n @ p)
m®n®p (where the rightmost term is defined using R-trilinear
maps in the natural way).

(¢) Distributivity: (; M;) ® P — @,(M; ® P) as R-modules
via a map sending (m;), ® p — (m; @ p),.

(d) Identity element: R® M -~ M as R-modules via a map
sending r ® m +— rm.

(e) Quotients: For submodules M’ C M, N' C N, let L be the
R-submodule of M ® N generated by

{m@n|(m' n)eM xNyU{men | (mn)eMxN}.
591 like proving such claims by producing homomorphisms in both directions using

universal properties, and then showing that they are two-sided inverses. Another, similar,
approach is to use the uniqueness of the tensor product w.r.t. the universal property.
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~

Prove that (M/M') ® (N/N') — (M ® N)/L via a map send-
ing(m+M)®(n+N)—men+L.

(f) Deduce that (R/I)® M s M/IM via a map sending (r + I)®
m—rm+ IM.

(3) Let ¢: A — B be a ring homomorphism. The contraction of an ideal
b of B is the ideal b¢ := ¢ ~1(b) of A. The extension of an ideal a of
A is the ideal a® := (p(a)) of B (i.e., the ideal of B generated by the
image of a under ).
(a) Show that b¢ is an ideal of A, but ¢(a) is not necessarily an ideal
of B (although a€ clearly is).

(b) Let aj,ay be ideals of A, and by, bs ideals of B. Prove:
(a1 +a2)“ = af + a (a1az)¢ = afa$

(b1 N by)® = bS N b Vb = Vbe

(here /T is the radical of an ideal I of a ring R, i.e. VI =
{reR|3In>12a"€el}).
| Recall that the sum and intersection of two ideals as sets are
ideals, but the product {zy | x € I,y € J} of two ideals I and
J as sets is usually not an ideal. When we write I.J, we are
referring to the ideal generated by this product set. |

(c) Prove that a C a®® and b D b°. Then prove that b¢ = b°“ and

ae — aece

(d) Ideals of A of the the form b¢ are called contracted ideals. Ideals
of B of the form a® are called extended ideals. Prove that an
ideal a of A is contracted if and only if a®® = a, and an ideal of
b is extended if and only if b = b. Then prove that we have a
bijection

{ contracted ideals of A } <> { extended ideals of B }

given by a — a® and b® < b.

(e) Give an example of a ring homomorphism ¢: A — B, an ideal of
A that is not contracted, and an ideal of B that is not extended.
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(4) Chinese remainder theorem: Let ay,...,a, be ideals of a ring A
such that a; and a; are coprime for all ¢ # j (i.e., a; +a; = A). Prove
that the map z — (z+ay,...,2+a,): A — A/a; x ... x A/ay, is
surjective with kernel a; ... a,.

(5) Let Iy,...,Ir,a, v > 1, be ideals of a ring A, such that a ¢ I; for all
1 <7 <r. Prove:
(a) Prime avoidance: If [{1 <i <r | I; is not prime}| < 2 then

aZ Uiz Li-
(b) If A contains an infinite field then a & (J;_, L.

(c) It is possible that a C |J;_; I; (give an example).

(6) Let I be an ideal of a noetherian ring R. Prove that there is n > 1
n
such that (ﬁ) c I

(7) Unboundedly many generators: Consider the ideal a,, = (X”YO, Xyl . ,XOY”)
of the polynomial ring k[X,Y], k a field. Prove that any generating
set for a, has at least n + 1 elements (Hint: Consider the image of
ap in k[X,Y]/an41).

(8) Is every subalgebra of a noetherian k-algebra itself noetherian? Show
that the subalgebra k[{T1Tj} -] of k[T1,Tb] is not noetherian.

(9) Let R be a nonzero ring. Prove that if there is a surjective R-module
homomorphism R" — R’ then n > ¢. Deduce that if R" = R’ as
R-modules then n = ¢. Aside: It’s also true that if there is an
injective R-module homomorphism R™ — R’ then n < /.

(10) Let V and W be finite-dimensional vector spaces over a field k.
(a) Prove that there is a k-linear isomorphism V*@W —— Homy(V, W)
k

sending ¢ @ w — (v — @(v)w).
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(b) Show that there is a k-linear map V* ® V' — k sending ¢ ® v
¢(v), which corresponds, under the isomorphism in (c), to the
usual trace®® map Homy(V, V) — k.

(c) The rank rankt of a tensor t € M @ g N (M, N some R-modules)
is the least number pure tensors that sum up tot. Let a« € V*QW.
F

Describe®® rank o in terms on the linear transformation corre-
sponding to « (under the isomorphism in (c¢)). Then, compute

max rank 5.
BEV%W

(d) Use the basis-free definition of the trace to prove the formula®
tr AB = tr BA for matrices A € Myx(k), B € Mpyq(k).

(e) Let f: M ®r N — L be an R-module homomorphism. Prove
that f injective on pure tensors (i.e. maps different pure tensors
to different elements of L) if and only if every nonzero element
of ker f has tensor rank at least 3.

(f) Let V be a 2-dimensional vector space over a field k, and let
f:V®V — W be a k-linear map, injective on the pure tensors
(W some k-vector space). Prove that f is injective.

(g) Give an example of k-vector spaces V,W and a k-linear map
f:V®rV — W that is injective on pure tensors but not injective.

(1)

60This construction gives us a definition of the trace of an operator that does not require
choosing a basis.

610nce you solve this problem you’ll have an efficient algorithm to compute the tensor
rank in a tensor product of two finite dimensional vector spaces. But note that computing
the tensor rank in a tensor product U @ V @ W of three vector spaces is NP-complete (so
if P £ NP as widely conjectured, then there is no polynomial time algorithm to compute
the tensor rank in U @ V @ W).

621y undergraduate courses this formula is often proved directly, and is then used
to show that tr is invariant under a change of basis. But with the basis-free approach,
we automatically deduce invariance. Also, there’s a basis-free approach to defining the
determinant through a construction called the exterior power, which is analogous to the
tensor power V®™ but with a universal property for alternating multilinear maps rather
than all multilinear maps.
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(a) Let B= A[T]/(f), A aring, f a monic polynomial. Prove that
the A-algebra B is a flat A-module.

(b) Prove that the A-algebra B = k[X,Y]/(XY) is not a flat k[X]-
module. Hint: Consider the embedding (X) — k[X].

(12) Let C be a class of R-modules (e.g. all finitely generated R-modules)
and let A be a function on C with values in Z, such that A(M) = A\(M")
whenever M = M’ as R-modules. Assume that \ is additive, i.e. for
every short exact sequence 0 — M’ — M — M"” — 0 we have
AM) = AX(M") + AX(M"). Consider an exact sequence of R-modules

0—+My—-M —---— M, —0

(where the M; and all kernels and images belongs to C). Prove that
n

D (=1)'AM;) =0

=0

(13) Let f: R — S be a ring homomorphism. Let M be an S-module and
N an R-module. Prove that

M®@rN=M®s(S®rN)

as S-modules by isomorphisms sending m ® n — m ® (1 ® n) and
(sm) ®@n ++m® (s®n) | the proof appears in the notes |

(14) Let R be an integral domain, and V' a Frac R-module. Let M # 0 be
an R-submodule of Frac R. Prove that M ® p V =V as R-modules
by an isomorphism sending m ® v — mu.

(15)
(a) Let k be a field, and take matrices A € My, (k) and B € M, (k),
that have eigenvalues A\ € k and u € k, respectively. Prove that
A® B has eigenvalue A\ and A® I, +1,,, ® B has eigenvalue A+ p.

(b) Given algebraic integers a,b € C (this means that each of a
and b is a root of a monic polynomial with coefficients in Z),
deduce that a + b and ab are algebraic integers, and describe
an algorithm that take monic polynomials f, g € Z[T] such that
f(a) = g(b) = 0 and produces monic polynomials p,q € Z[T]
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such that p(a+b) = g(ab) = 0. Deduce also that the set of
algebraic integers in C forms a ring.

(a) Prove that M ®@p M’ is flat whenever M and M’ are flat R-
modules | Note: This implies, by induction, that M; ® - - - ® My,
is flat whenever My, ..., My are all flat |.

(b) For injective R-linear maps f: M — M’ and g: N — N’ prove
that if either M, N’ are both flat, or M’, N are both flat, then
f ® g is injective.

(¢) Prove that if fi: My — Ni,...,fr: M — Nj are injective
R-linear maps, where My, ..., My, N1,..., N are all flat, then
f1®---® fi is injective. Deduce that if f: M — N is an injective
R-linear map between flat modules then f®* is injective for all
kE>1.

(17) We say that a short exact sequence of R-module

(18)

0—ALsB 20 o
splits if it isomorphic to the short exact sequence
0—A-SHA0C 5 C—0

where ¢4 is the canonical embedding and 7¢ is the canonical projec-
tion.

Prove the splitting lemma, which says that the following are equiva-
lent:

(a) The sequence splits.

(b) There is an R-linear map s: C'— B such that g o s = id¢.

(c) There is an R-linear map r: B — A such that r o f =id4.

Find a short exact sequence 0 - A — B — C — 0 of R-module that
does not split although B &2 A & C' as R-modules.

Let M # 0 be a finitely generated R-module. Prove that M®* £ 0
for all £ > 1. [ Hint 1: Let = be an element of a minimal generating
set for M. Prove that z®---®x # 0 in M®*. Hint 2: To show that
T®---®x # 0, use the universal property of M®* for k-multilinear
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maps to produce an R-linear map ¢ from M®* to some R-module
such that p(z ® -+ ®@x) #0. |
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Example Sheet 2. In all exercises, k is a field and R is a ring (commutative
and unital).

(1) Let M be an R-module. A chain of submodules of M is a finite

sequence (M;)!"; of submodules of M such that

Moy DM 2---2 M, .

~— —~—

=M =0
The length of the chain is n. A composition series of M is a maximal
chain of submodules of M (i.e. there are no R-submodules strictly
between M;;1 and M;, i.e. M;/M;;; is a simple module by the
bijective correspondence between R-submodules of M;/M; 1 and the
R-submodules of M; that contain M ;).

(a) Assume that M has a composition series of length n. Prove that
every composition series of M has length n, and that every chain
of submodules of M can be extended to a composition series. |
Hint 1: Write /(K) for the length of the shortest composition
series of K. Prove that £(IN) < ¢(M) for every proper submodule
N of M. Hint 2: Deduce that ¢(M) is the common length of
all composition series of M, and ¢(M) is also an upper bound
on the length of all chains of submodules of M. Hint 3: Now,
finish the proof. |

(b) For an R-module M, write ¢(M) for the common length of all
composition series of M (¢(M) = oo if M has no composition
series). Prove that £(M) < oo if and only if M is both noetherian
and artinian.

(c) Prove that £(-) is additive (in the sense of Question 12 in Exam-
ple Sheet 1) on the class of R-modules of finite length.

(d) Let V be a k-vector space. Prove that the following are equiva-
lent:

(1) dimg V < o0.
(i) (V) <
(iii) V is noetherlan
(iv) V is artinian.

(e) Assume that there are maximal ideals my,...,m, of R (not
necessarily distinct) such that m; ---m,, = 0. Prove that R is
noetherian if and only if R is artinian. | Hint: Construct a
finite chain of ideals of R, descending from R to 0, such that
for consecutive ideal I D J in the chain, the natural R module



(3)

(a)
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structure R — End(I/J) on I/J factors as the composition of
ring homomorphisms R — k — End(I/J), where k is a certain
field, and R — k is surjective. |

Let ay,...,a,,p be ideals of R, where p is prime. Prove that
if (); a; C p then a; C p for some ¢, and that if (), a; = p then
a; = p for some 1.

Let I be a radical ideal of R (i.e. v/T = I). Prove that if z,y € R
and zy € I then I = /T + (x) N /I + (y).

For an ideal I of R, a minimal prime ideal over I is a prime ideal
p of R such that I C p and if I C q C p for some prime ideal g
of R, then q = p (a minimal prime ideal of R is a minimal prime
ideal over (0), or, equivalently, a minimal prime ideal over \/@
since every prime ideal of R contains /(0)).

Prove that a radical ideal in a noetherian ring has only finitely
many minimal prime ideals | Hint: First prove that such an
ideal is equal to the intersection of finitely many prime ideals.
Prove this by contradiction, where noetherianity is used to take
a maximal counter-example (explain!) |

Let I be a radical ideal in a noetherian ring. If you solved (c)
according to the hint, you already know that I is the intersection
of finitely many prime ideals. If not (but preferrably, even if you
did), deduce this from (c) using a claim from the lectures.
Prove that every ideal in a noetherian ring contains a power
of its radical, and deduce that nil R is a nilpotent ideal (i.e.
(nil R)K = 0 for some ¢ > 1, where in general I is the ideal
generated by products of the form x; ---xyp, x; € I) when R is
noetherian.

Let R be an artinian ring. Prove:
(i) Every prime ideal of R is maximal. | Hint: R/p is an
artinian integral domain. Is it a field? |



(4)
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(ii) nil R = J(R) (deduce from (i)). Here J(R) is the Jacob-
son radical of R, which defined as the intersection of all
maximal ideals of R.

(iii) R has finitely many prime (equivalently, maximal) ideals.
| Hint: Find a finite intersection of maximal ideals of R,
contained in all other finite intersections of maximal ideals

of R. |

(iv) nil R is a nilpotent ideal. | Hint: ((nil R)£> . stabilizes

in some finite step at an ideal a (why?) and you need to
prove that a = 0. Assume not. Prove that there is an
ideal ¢ of R, minimal with respect to the property ac # 0.
Prove that ¢ is principal, i.e. ¢ = (x), x € R. Prove that
za = (z), and deduce that x = zy for some y € nil R.
Derive a contradiction. |

Prove that a nonzero ring R is artinian if and only if R is noe-
therian and dim R = 0 (Here dim R refers to the Krull dimension
of the ring R. By definition, dim R is n for the longest chain of
prime ideals pg C p2 € --- € p,. So dim R = 0 if and only if
R # 0 and every prime ideal of R is maximal. Note that the zero
ring {0} is the only ring with no prime ideals. By convention,
dim{0} = —oo or dim{0} = —1).

| Hint: In both directions, use 1(e). Many of the other claims
in Q1, Q2, Q3 above are useful. |

The prime ideal principle: Let F be a set of proper ideals of a
ring R such that for every ideal I of R and z € R, if I + () ¢ F
and (I : z) ¢ F then I ¢ F. Let J be a maximal element of F
(i.e. J € F is not contained in any other element of F). Prove
that J is a prime ideal.

Let I be an ideal of R, and let z € R. Prove that if I + (z) = (a)
and (I : z) = (b), a,b € R, then I = (ab).

Prove that if every prime ideal of an integral domain R is principal
then R is a PID.
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(5) Let S C R be a multiplicative subset and take an R-module M.
Verify that the law %1 + ”;—22 = W is well defined and makes
S~1M into an abelian group, with % as the zero element.

If you have time, verify the rest of the claims skipped in class regarding

the basic construction of S~'M and S~!R.

(6) The Hom functors are left exact: Let @, P be R-modules.

(a) Prove that if 0 — A 1y B % C is an exact sequence of
R-modules, then so is

0 — Homp(Q, A) LN Hompg(Q, B) LN Homp(Q,C) .

(b) Prove that if A 1B 45 ¢~ 0is an exact sequence of
R-modules, then so is

0 — Homp(C, P) L Homp(B, P) - Hompg(A, P) .

(7) Prove that a sequence A 1y B 4 € of R-modules is exact if for

every R-module @, the sequence Homp(Q, A) ELN Homp(Q, B) AN
Homp(Q,C) is exact (where f.p = f oy and g = go).

(8) An R-module P is projective if for every R-module N and submodule
N’ C N, every R-linear map M — N/N’ factors as M 2y N 5y
N/N' for some R-linear g, where 7 is the quotient map (g is not
required to be unique; this is not a universal property).

(a) Let M be an R-module. Prove that the following conditions are
equivalent:

(i) M is a projective R-module.

(ii) The Homp(M,-) functor is exact®.

(iii) Every short exact sequence of the form 0 - A — B —
M — 0 splits.

(iv) There is an R-module N such that M & N is a free R-
module (i.e. M is a direct summand of a free module).

63Recall that a functor is exact if it preserves the exactness of all exact sequences. It’s
best to recall or prove first that a functor that preserves the exactness of all short exact
sequences is exact.
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(b) Prove that every projective module is flat.

(c) Give an example of a projective module that is not free (over
some ring R).

(d) Prove that Q is a flat Z-module, but not a projective Z-module.

(e) Consider the ideal m = (X,Y) of R = k[X,Y], k a field.
(i) Find n > 0 and fi,..., f; € m®" such that m ®p m =
m®/(f1,..., fr) as R-modules.
Hint: First find an exact sequence RY — R™ — m — 0 of
R-modules, t,n > 0. It may be helpful to recall that R is
a UFD.

(ii) Prove that m is a torsion-free R-module which is not flat.

(f) Nothing to prove: We have shown that free = projective = flat = torsion free,
and that none of the reverse implications holds in general.

(9) Let Ry,..., R, berings and R= Ry X -+ X R,,.
(a) Prove that every ideal of R is of the form [ =11 x --- X I,, I;
an ideal of R;. What are the tuples (1, ..., ) for which I is a
prime ideal®*?

(b) Explain why the ideals R; x {0} and {0} x Rs of Ry x Ry are not
subrings of Ry X Ry (in the category of commutative unital rings).

(c) An element e € R is an idempotent if e = e. An idempotent
e € R is nontrivial if e ¢ {0,1}. Prove that:
(i) If e; € R is an idempotent and es := 1 — e; then ejeqs = 0.
If eq is nontrivial then so is es.

(ii) The ideal Re; of I, which is an abelian group closed under
multiplication, becomes a ring if one declares the multi-
plicative identity to be e; (and similarly for Res).

(ili)) R — Rej X Reg, r — (rej,res) is a ring isomorphism.

64Note that ideals in an infinite product of rings can be much more complicated, and
the existence of some of them often depends on the axiom of choice.
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(iv) A ring R is isomorphic to a product of nonzero rings if and
only if R contains a nontrivial idempotent element.

(10) Localization:
(a) We have seen that if S C R is a multiplicative subset, M an R-
module and N C M a submodule, then S~!N can be thought of
as an S~!R-submodule of S~!M. Forget about N. Take T' C S,
another multiplicative subset of R. Prove that there is a 77! R-
linear map f: T~'M — S~'M sending 7 = 5, show that f
is not necessarily injective. Show that if all elements of S are
not zero divisors and M = R then f: T"'R — S~!R is injective.

(b) Let S be a multiplicative subset of R, and take an ideal I
of A. Prove that VI* = V/T¢, where the ideal extension are
taken with respect to the localization map R — S~'R (the C
inclusion holds for every ring homomorphism). In particular,
(nil A)® = nil S7' A, where nil R = /(0) is the ideal consisting
of the nilpotent elements of R.

(c) Let p be a minimal prime ideal of a ring A. Show that all of the
elements of p are zero divisors in A.

(d) Let A be an integral domain. Then all localizations of A are
canonically embedded in Frac(A). Show that A = (), ccpec 4 Am-

(e) Prove that a ring A is reduced (i.e., 0 is the only nilpotent ele-
ment in A) & A, is reduced for every p € spec A.

(f) Does the previous question remain true if both occurrences of
“reduced” are replaced by “an integral domain’?

(g) Give an example of an integral domain A, and a ring B, A C
B C Frac A, such that B # S~!A for all multiplicative subsets
S of A.

(11) Take a polynomial f € R[T]. Prove:
(a) If x € R is nilpotent then 1+ x is invertible. Deduce that if y is
nilpotent and z is invertible then y 4 z is invertible.
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(b) f is invertible if and only if the constant term of f is invertible
and all other coefficients of f are nilpotent.

(¢) f is nilpotent if and only if all of its coefficients are nilpotent.

(d) f is a zero divisor if and only if af = 0 for some 0 # a € R.

(12) Prove that if R is reduced (i.e. 4/(0) = (0) in R), then R can be
embedded in a product of integral domains. Is such R necessarily
isomorphic to a product of integral domains?

(13) Prove that every ring R is a quotient of an integral domain.

(14) Let S be a multiplicative subset of the ring R. Prove that if R is
a noetherian (resp. artinian) ring then S™'R is noetherian (resp.
artinian) ring.

(15) The height ht(p) of a prime ideal p of A is the maximal length d of a
chain of prime ideals of the form:

Pa 2Pa-1 2 2 po
~—
=p

(there are d + 1 prime ideals in a chain of length d). The (Krull)
dimension dim A of A is

sup{ht(p) | p a prime ideal of A} .

(by convension, the dimension of the zero ring is define to be —1 or
—00).
(a) Let k be a field. Prove that dimk[T},...,T,] > n (this is, in
fact, an equality - see later in the course).

(b) Let x € R, R a ring. Prove that
Sy ={z"(1=rz)|[n>0,r € R}

is a multiplicative subset of R.
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(c) Define Ry, = S@l}R. Let n > 0. Prove that
dimR <n s (dimR{x}gn—lvgueR)

according to the following steps:
(i) Prove that mN S,y # () whenever m is a maximal ideal of
R and z € R.

(ii) Prove that pNSy,) = () whenever p is a non-maximal prime
ideal of R and = € m \ p for some maximal ideal m that
contains p properly.

(iii) Complete the proof | Hint: Use the relationship between
the set of prime ideals of S™'R and a certain set of prime

ideals of R. |

(d) In the next example sheet: Use the claim above to prove that
dim A < trdeg A for every finitely generated k-algebra such that
A is an integral domain (here trdeg A is the transcedence degree
of Frac A, a concept that you will be asked to recall). Deduce
that dim k[Th,...,T,] = n. You can solve this question now if
you remember basic facts about trdeg.
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Example Sheet 3. In all exercises, k is a field and R is a ring (commutative
and unital).

(1) Nakayama:
(a) Let (R, m) be a local ring, M a finitely generated R-module, and
take x1,...,x, € M whose images in M/mM span M/mM as

an R/m-vector space. Prove that z1,--- ,z, generate M as an
R-module.

(b) Let (R,m) be a noetherian local ring. Prove that aj,...,a, €
m generate the ideal m < a; + m?,...,a, + m? span m/m?

as an R/m-vector space. Prove that m can be generated by
dimp/p, m/ m? elements of R, but not by fewer elements of R.

c) Let p be a prime number. Find a module M over Zg,, =
(p)
{#]a,beZ,ptb}suchthat ((p)Zy))M = M but M # 0. Why
does that not contradict Nakayama’s lemma?

(d) For finitely generated modules M, N over a local ring (A, m),
show that if M ® 4, N =0 then M =0 or N = 0.
Hint: First solve the case where A is a field. Then tensor with
A/m and use Nakayama.

(e) Let ¢: M — M an endomorphism of a finitely generated A-
module M. Prove: ¢ is surjective = ¢ is injective, but the
reverse implication < does not always hold. For the = implica-
tion, show that the assumption that M is finitely generated is
necessary.

Hint: To prove (=), make M into an A[T]-module by letting T’
act as .

(f) Deduce that every generating set of cardinality n for the R-
module R" is a basis (R a nonzero ring).

(g) Prove that if R™ embeds in R™ as an R-module, R a nonzero
ring, then n < m.
Hint: If n > m, consider the map R™ — R" sending (1, ..., Zm) —
(T1,...,2m,0,...,0), and find a way to use Cayley—Hamilton.

(2) [ remember the statement, but solve this problem only once
done with everything else | Let M be an R-module and consider
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an exact sequence of R-modules 0 — A i> B -%s ¢ —s 0 where
C is flat. Prove that 0 —>A®Mf%43®Mg% CoM —0
is exact.

Hint: We have a short exact sequence 0 - K — F — M — 0 where
F is a free R-module (why?). We have a commutative diagram:

AQK B K CK
AR F B®F CRF
A M B M CeM

You can add some 0’s to the diagram (on the left /right /top/bottom)
such that all horizontal and all vertical sequences are exact (do that
and explain). Now chase the diagram to show that A@ M — B® M
is injective (why is that enough?).

(3) Let R = [[,c; Fi, where each F; is a field (I not necessarily finite).
Prove that Ry is a field for every p € spec R. Deduce that “noetherian”
is not a local property of rings (compare this to the result proved in
Example Class 2).

Hint: Prove that spec R = mspec R by showing that for every r € R
there is s € R such that r = r?s. Note also that Lu\l,@ = (0).

=v/(0)

(4) Let A C B C C be rings such that (i) A is noetherian, (ii) C'is finitely
generated as an A-algebra, (iii) C is finite over B. Prove that B is
finitely generated as an A-algebra.

(5) Let I be an ideal of a finitely generated k-algebra A. Prove that v/T
is equal to the intersection of all maximal ideals containing I.
Hint: Use the strong Nullstellensatz.

(6) Radicals:

(a) Let I and J be ideals of R. Prove that T+ J = VI +/J,
that v/I™ = /I for all n > 1, and that /I is a proper ideal of R
whenerver [ is a proper ideal of R.
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(b) Let I and J be ideals of R. Prove that that the following
conditions are equivalent.
(i) I and J are coprime (i.e. [ +J = R).
(ii) I™ and J™ are coprime for all n > 1.
(iii) I™ and J™ are coprime for at least one n > 1.
(iv) VT and V/J are coprime.
(¢) Let k be an algebraically closed field, and let X, Y be algebraic
subsets of k™. Consider the equalities:
(i) I(XUY) < I1(X)NI(Y)
(i) I(XNY) = I(X)+ I(Y)
One of them is always true. For the other to be true you need
to add /- over one of its sides. Do that, then prove both, then
show that taking /- is necessary.

Let A be an integral domain. Prove that the following conditions are
equivalent:

(a) A is integrally closed.

(b) A, is integrally closed for all p € spec A.

(c) Ay is integrally closed for all m € mspec A.
Hint: Use a local property from the lectures. Use a claim about
localizations and integral closures from the lectures.

Let n > 1. Write V(-) for V/(+), as in the lectures, with £k = Q and
Q2 =C. Let I and J be ideals of Z[T1, ..., T,] such that V(I) C V(J).
~—— =

cCn cCn
For a prime number p, write I, and J, for the images of I and J
(respectively) in F,[T1,...,T,] (i.e. reduce each coefficient of each

polynomial mod p). Prove that VE, (Ip) C VFP(JP) for all but finitely
many prime numbers p (here VFP(') is V(-) as in the lectures with

k =T, and Q = F,, the algebraic closure of F),).

Primary decomposition: An ideal q of a ring A is primary if q # A
and all zero divisors in A/q are nilpotent.

Short in time? That’s fine. Solve (a), (b), (c), (f). Read the
statements of all of the parts of this question. Remember
the statements of (g), (j), (k). Better also prove the first
assertion in (k) about a finite intersection of irreducible
ideals.
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(a) Prove that if q is primary then ,/q is the smallest prime ideal
containing q (in this case we say that q is p-primary, p = /7).

(b) Prove that if ,/q is maximal for an ideal q of A then q is primary
(and thus m-primary for m = ,/q). Deduce that every power of
a maximal ideal m is m-primary.

(c) Let ¢: A — B be aring homomorphism, and let q be a p-primary
ideal of B, p € spec B. Prove that q contracts to a p®-primary
ideal of A.

(d) Let g and p be ideals of A such that q Cp C \/q and (ab € q =
a € porbeq). Prove that p is prime and q is p-primary.

(e) Prove that a finite intersection of p-primary ideals is p-primary
(p € spec A).
Hint: Use (d).

(f) A minimal prime ideal of an ideal a of A is an ideal p of A
corresponding to a minimal prime ideal of A/a.
A primary decomposition of an ideal a of A is a finite set S of
primary ideals whose intersection is a.
Such a decomposition is minimal if the ideals /q, g € S are
distinct, and no element of S contains the the intersections of
the others.
Prove that if a admits a primary decomposition then it admits a
minimal prime decomposition.

(g) Prove that if a = qyN- - -Nqy,, where q; is p;-primary, then the min-
imal prime ideals of a are the minimal elements of {pi,...,p,}.

(h) For an ideal a of A and z € A, let
(a:zx)={acAlax €a}.

Check that (a: z) is an ideal of A, containing a, and equal to A
itz ea.

(i) Prove that if q is a p-primary ideal and = € A\ q then (q : ) is
p-primary (while by (h), if z € q then (q: z) = A).
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(j) Let a=g1N---N gy be a minimal primary decomposition of a,
and let p; = /q;. Prove that

{p1,.-pnt = {v(a:x)\xeA, V(a:x) €specA}

(in particular, the set {p1,...,pn} does not depend on the choice
of minimal primary decomposition).

(k) An ideal a is irreducible if it is not the intersection of two larger
ideals.
Prove that in a noetherian ring, every ideal is a finite intersection
of irreducible ideals, and every irreducible ideal is primary (and
thus every ideal in a noetherian ring has a primary decomposi-
tion).

(10) Recall the notion of trascendence degree (the review below suffices).
For a k-algebra A such that A is an integral domain, define trdeg; A =
trdeg;, Frac A.

(a) Prove that dim A < trdeg,, A.
Hint: Argue by induction on trdeg; A. Use ES2.Q15(c): to
compute A,y (as in ES2.Q15), z € A, separate to cases: (i) ©
algebraic over k, (ii)  transcendental over k.

(b) Deduce that k[T1,...,T,] = n.

(11) Let R be a nonzero ring. Use Zorn’s lemma to prove that R has
a minimal prime ideal (i.e. a prime ideal not containing any other
prime ideal). Deduce that every prime ideal of R contains a minimal
prime ideal.

A review of transcendence bases. Let k C L be fields. A subset A of L is a
transcedence basis for L over k if it satisfies one (hence all) of the equivalent
conditions in the following proposition:

Proposition 15.1. The following conditions are equivalent:

(1) A is algebraically independent over k, and L is algebraic over k(A).

(2) A is algebraically independent over k, but AU{B} is not algebraically
independent over k for any 5 € L.

(3) L is algebraic over k(A), but not over k(A \ {a}) for any a € A.

Proof. See any book on field theory. O
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The following proposition implies that L has a transcendence basis over k
(plug A = 0 into (i)).

Proposition 15.2.

i) If A C L is algebraically independent over k, then there is a transce-
dence basis B for L over k such that A C B.
ii) All transcedence bases for L over k have the same cardinality.
iii) For fieldsk C L C E, if B and C are transcedence bases for L/k and
E/L, respectively, then BUC' is a transcedence basis for E/k.

The common cardinality of all trascendence bases for L over k (see Propo-
sition 15.2(ii)) is called the transcedence degree of L over k, and is denoted
trdeg;, L. By Proposition 15.2(iii), trdeg;, E' = trdeg;, L + trdeg; E.
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Example Sheet 4. In all exercises, k is a field and R is a ring (commutative
and unital).
(1)
(a) Prove that every minimal nonzero prime ideal p of a UFD A is
principal.

(b) Let A be a PID. Prove that dim A = 0 (and then A is a field) or
dim A =1 (and then A is not a field).

(2) Prove that trdeg k[T1,...,T,]/(f) = n — 1 for every irreducible
polynomial f € k[T1,...,T,].

(3) Let A be a finitely generated k-algebra and an integral domain.

(a) Let p, D --- 2 po be a non-refinable chain of prime ideals of A
(i.e. p, is a maximal ideal, pg is a minimal prime ideal, and there
is no prime ideal strictly between p; and p;41 for all 0 < i < r).
Prove that r = dim A.
Hint: Use induction on dim A, Noether normalization, Q1, Q2,
the Incomparability and Going-down Theorems, Proposition 13.5
from the lecture notes, and maybe more.

(b) Prove that dim A/p + ht p = dim A for every p € spec A.

(4) Let R = Z¢gy = {$ | a,b € Z,24b} and A = R[T]. Prove: (i) the
ideals m; = (27"—1) and my = (7,2) of A are maximal, (ii) A
is a noetherian integral domain, (iii) dim A/m; + htm; = 1 and
dimA/mg + htmy = 2.

(5) Let A be a ring, dim A < co. Prove that
dimA+1<dimA[T] <1+2dimA

as follows:

(a) For p € spec A, show that p[T’] (the subset of A[T’] of polynomials
with coefficient in p) and (p,7T") are prime ideals of A[T], and
deduce that dim A + 1 < dim A[T].
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(b) For p € spec A, show that the longest chain of prime ideals of
A[T] that contract to p is of length 1, and deduce that dim A[T] <
1+ 2dim A.
Hint: Take such a chain of prime ideals, extend each of them to

STL(A[T)) = A,[T], S = A\ p, and then to Ay [T]/((pAy)[T]).

Let A be a noetherian ring, dim A < co. Prove that dim A[T] =
1+ dim A , and deduce that dim &[T}, ...,T,] = n for a field k.

Hint: One inequality was proved in Q5. For the other inequality, use
Hilbert’s basis theorem, Krull’s height theorem and its converse (see

below), and also Q5, Qba, Q5b.

Converse to Krull’s height theorem: Let a be a proper ideal of
a noetherian ring A, hta = r. Prove that there are a1,...,a, € a
such that ht(ai,...,a;) = @ for each 0 < i < r (recall: htb =
mianpEspecA ht p)

Dimension:

(a) Let a be an ideal of k[T1,...,T,], k an algebraically closed field.
We have seen that a has finitely many minimal prime ideals
p1,...,Ps, and that v/a =, p;. Thus V(a) =J; V(p;). We've
seen that each V(p;) is an irreducible algebraic subset of A}.
The V(p1),...,V(pn) are the irreducible components of V(a).
Prove that if a = (f1,..., fr) then each irreducible component
of V(a) is of dimension at least n — r (where the dimension of
an irreducible algebraic set X is the maximal length d of a chain
X =Xy 2 - 2 Xy of irreducible algebraic sets).

Hint: This is a direct consequence of Krull’s height theorem
and Q3b.

(b) Krull’s principal ideal theorem: Let x € A, A a noetherian
ring,  not a zero divisor. Prove that htp = 1 for every mini-
mal prime ideal of (z) Hint: Use Krull’s height theorem and
ES2.Q10c.

(c) Prove that dim A < dimyy, m/m? for a noetherian local ring
(A,m).
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(9) Let R be a noetherian ring. Is it necessarily true that every descending
chain of prime ideals of R stabilizes?

(10) Hilbert function of a polynomial algebra with a nonstandard grading:
(a) Consider A = k[T},T], and let deg'(T7'T%?) = eg + 2e9. Let
An, n >0, be the subset of A consisting of all polynomials that
are deg’-homogeneous of degree n (i.e., k-linear combinations of
monomials m with deg’(m) = n). Prove that A = @, v, Ay is a

graded ring. -

(b) Prove that there is no polynomial f such that f(n) = dimy 4,
for all large enough n (compare this to our definition of the
Hilbert polynomial, and check why it does not apply here).

(c) Write down the Poincare series ) - q(dim 4y) - TN of A (with
our nonstandard grading) as a rational function.

(11) Let A # 0 be a finitely generated k-algebra (not necessarily an
integral domain). Let ¢ be the maximal cardinality of a k-algebraically
independent subset of A. Prove that ¢ = dim A.

(12)
(a) Let (A,m) be an artinian local ring. Prove that spec A = {m}
and nil 4 = m.

(b) Let (A, m) be a noetherian local ring. Prove that exactly one of
the following statements holds:
(i) A is not artinian and m”™ # m™*! for all n > 0.
(ii) A is artinian and m™ = 0 for some n > 0.
(c) Give an example of an artinian local ring that is not a field.

(d) Every artinian ring is a finite product of artinian local
rings: Let A be an artinian ring. Recall (ES2), that spec A =
mspec A is a finite set {my,...,m,}, and that m¢ ... m’ = 0 for
some £ > 1. Prove that the natural map ¢: A — A/m{ x --- x
A/m? is a ring homomorphism and that each (A/m{, m;/m) is
an artinian local ring.
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(e) [ non-examinable | Let A be a ring such that A =[] ;| A;,
where A; is an artinian local ring. Prove that A is artinian. Write
mi: A — A; for the natural projection. Prove that the ideal (0)
of A has a unique primary decomposition (0) = (), ker m;, and
thus n and the rings Ay, ..., A, are determined uniquely up to
their order (and up to isomorphism).

(13) In the lectures we proved that if R is a noetherian ring then htp < oo

for every p € spec R. Here we construct a noetherian ring R such
that dim R = oo.

Let A = k[T1,T,...], k a field. Let p; = (7;-2, - ,T(Hl)z_l) for all
i>1,and let S =R\ ;2 p;.

(a) Prove that S is a multiplicative set.

(b) Prove that S™!p; = 2i + 1 for i > 1 (S~ 1p; is the extenstion p¢
of the ideal p; with respect to the localization map A — S~1A).
Conclude that dim S™!'A4 = oo.

(c) [ non-examinable | Prove that the ring S~!A is noetherian.
Hint: Use a claim from the lecture notes, proved in an example
class, that gives a local condition for noetherianity of a ring
(noetherianity is not a local property).

(14) A filtration (Mp),5, of an R-module M defines a topology on M

given by the topological basis {z + M,, | x € M,n > 0}. In particu-
lar, for an ideal a of R, the a-adic topology on M is the topology
corresponding to the filtration (a”M), -,.

Let R be a noetherian ring, a an ideal of R, M a finitely generated
R-module, and N a submodule of M. Prove that the topology on
N induced from the a-adic topology on M is the same as the a-adic
topology on N. Hint: This follows rather easily from two claims
from the lectures.

(a) Let M be an R-module, and a an ideal of R. Consider the
a-adic completion map ¢: M — yLnM/a"M. Note that ker ¢ =
N0 ™" M.

(b) Assume that R is noetherian and local, M is finitely generated
over R, and a is a proper ideal of R. Prove that ¢ is injective.
Note: This is true also if R is a noetherian integral domain (not



COMMUTATIVE ALGEBRA 140

necessarily local).

(16) Let A = @, An be a noetherian graded ring with Ag artinian.
Let 0 # M :7@n>0 M, be a finitely generated graded A-module.
Take k > 0 and x € Ay such that {m € M | zm =0} = {0}. Prove
that d(M/xM) = d(M) — 1 (here we think of M/zM as a graded
A-module in the natural way).

Hint: Review the proof of the Hilbert—Serre Theorem.

(17) Dedekind domains:
(a) Complete the proofs skipped in the last lecture (see the notes if
needed):

(i) Let (A, m) be a noetherian local domain of dimension 1.
Prove the following implications: m is a principal ideal
= Every nonzero ideal of A is a power of m = There is
m € A such that every nonzero ideal of A is equal to (7")
for somen >0 = Ais a DVR.

(ii) Consider the localization map R — S~ R for some multi-
plicative subset S of a ring R. Take p € spec R such that
pNS =, and let q be a p-primary ideal of R. Prove that
q is contracted from S~!R.

(iii) Let A be a Dedekind domain and (0) # p € spec A. Prove
that the set of p-primary ideals of A is {p"},~,, and that
(p™),,>1 is a strictly descending sequence. -

(b) Prove or disprove each of the following statements:

(i) If v; and vy are discrete valuations on fields K7 and Ks
(respectively) such that the valuation rings of v; and v are
isomorphic rings, then the fields K7 and K5 are isomorphic.

(ii) If v; and vy are discrete valuations on a field K such that
the valuation rings of v; and vy are equal then v; = vs.

(c) Let a be a nonzero ideal of a Dedekind domain A, and let
0 #£ p € spec A. What information about the decomposition of
a as a product of powers of prime ideals of A can be extracted
from the ideal a4, of A,?
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